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THE CLASSIFICATION OF SIMPLE SEPARABLE KK-CONTRACTIBLE
C*-ALGEBRAS WITH FINITE NUCLEAR DIMENSION
GEORGE A. ELLIOTT AND ZHUANG NIU
Abstract. The class of simple separable KK-contractible (KK-equivalent to {0}) C*-algebras
which have finite nuclear dimension is shown to classified by the Elliott invariant. In particular,
the class of C*-algebras A ⊗ W is classifiable, where A is a simple separable C*-algebra with
finite nuclear dimension andW is the simple inductive limit of Razak algebras with unique trace,
which is bounded (see [Raz02] and [Jac13]).
1. Introduction
The classification of separable simple unital UCT C*-algebras with finite nuclear dimension has
been completed ([GLN15], [EGLN15a], [EN16], [EGLN15b], [TWW]). In this paper, we study
the classification for non-unital C*-algebras. In particular, the following classification theorem
is obtained:
Theorem (Theorem 8.26). The class of simple separable KK-contractible C*-algebras with finite
nuclear dimension and with non-zero traces is classified by the invariant (T+A,ΣA). Any C*-
algebra A in this class is a simple inductive limits of Razak algebras.
In the theorem, T+A is the cone of densely defined lower semicontinuous traces of A with the
topology of pointwise convergence, and ΣA is the compact subset consisting of the traces with
norm at most one.
Consider the C*-algebra W, the simple inductive limit of Razak algebras with unique trace
which is bounded (see [Raz02] and [Jac13]). It is KK-contractible, and hence A ⊗ W is KK-
contractible for any nuclear C*-algebra A. Thus if A has finite nuclear dimension, the C*-algebra
A ⊗W has finite nuclear dimension as well (if the Toms-Winter conjecture holds, then A ⊗W
has finite nuclear dimension for all simple nuclear C*-algebra A), and hence is classifiable:
Corollary (Corollary 8.29). Let A be a simple separable C*-algebra with finite nuclear dimension.
Then the C*-algebra A⊗W is classifiable. In particular, W ⊗W ∼=W.
The strategy to the classification theorem is similar to the unital case. Assume A is a simple
C*-algebra with trivial K0-group, has finite nuclear dimension, and the norm function on T
+A is
continuous (assume T+A 6= {0}), then A⊗Q has the following tracial approximation structure
(Theorem 7.7):
For any finite set F ⊂ A, any ε > 0 and any n ∈ N, there are projections q, p1, p2, ..., pn ∈ A˜⊗Q,
S ⊂ p1(A⊗Q)p1, S is a Razak algebra, such that
(1) q + p1 + p2 + · · ·+ pn = 1A˜⊗Q, q is Murray-von Neumann equivalent to pi, i = 1, 2, ..., n,
1
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(2) ‖[pi, a⊗ 1Q]‖ < ε, a ∈ F ,
(3) piapi ∈ε viSv∗i , a ∈ F , where vi ∈ A˜⊗Q, i = 1, 2, ..., n, are the partial isometries satisfying
v∗i vi = p1 and viv
∗
i = pi.
With tracial approximation structure and a stable uniqueness theorem (Corollary 8.16), the
classification theorem is then obtained.
2. The reduction class R
Let A be a C*-algebra. Denote by T+A to be the cone of densely defined lower semicontinuous
traces of A with the topology of pointwise convergence, and denote by ΣA the compact convex
subset consisting of the traces with norm at most one.
Definition 2.1. A C*-algebra A is said to be in the reduction class, denoted by R, if A is simple,
separable, and non-unital, if any element of T+A is bounded, and if, moreover, the affine function
on T+A arising from the Cuntz class of a strict positive element is continuous (equivalently, the
norm function on T+A is continuous). (The case T+A = {0} vacuously satisfies the last two
conditions, but let us exclude this case.)
Lemma 2.2. Let A be a nonzero simple separable Jiang-Su stable C*-algebra. Then A is stably
isomorphic to a C*-algebra in the reduction class.
Proof. Choose a non-zero positive element a in the Pedersen ideal of A. By Lemma 6.5 of
[ERS11], there exists a positive element c of A such that the Cuntz class [c] gives rise to the same
affine function on T+A as a, and in additional is not the continuous of a projection. In particular,
this affine function is the norm function on T+A for the non-unital hereditary sub-C*-algebra
B of A, which on the one hand is in the reduction class, and on the other hand by Brown’s
theorem is stably isomorphic to A. (We are using Proposition 4.7 of [CP79] which says that the
restriction map is an isomorphism between the topological cones T+A and T+B.) 
The following two lemmas shows that, in particular, a C*-algebra in the reduction class always
has an approximate unit (en) such that en is self-adjoint with spectrum [0, 1].
Lemma 2.3. Let A be a separable non-unital C*-algebra. Then, for any finite set F ⊂ A and
any ε > 0, there is a subalgebra B ⊂ A such that F ⊂ε B, but B⊥ 6= {0}.
Proof. Pick a strictly positive element, and denote it by by h. Then 0 is a limit point of sp(h),
as otherwise A must be unital. Then, for the given F and ε, there is δ > 0 such that
F ⊂ε gδ(h)Agδ(h) =: B,
where
gδ(t) =
{
0, t ∈ [0, δ],
(t− δ)/(1− δ), t ∈ [δ, 1].
Since 0 is a limit point of sp(h), it is clear that B⊥ 6= {0}, as desired. 
Lemma 2.4. Let A be a separable simple non-unital non-elementary C*-algebra. Then there is
an approximate unit (en) such that each en, n = 1, 2, ..., is positive of norm one, and has full
spectrum.
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Proof. Let F ⊂ A be a finite set, and let ε > 0 be arbitrary. By Lemma 2.3, there is a subalgebra
B ⊂ A such that F ⊂ε B, but B⊥ 6= {0}. Since B is simple and non-elementary, the hereditary
subalgebra B⊥ 6= {0} is also non-elementary, and hence there is e′ ∈ B⊥ such that sp(e′) = [0, 1].
Pick a norm-one positive element e′′ ∈ B such that ‖e′′a − a‖ < 2ε for all a ∈ F . Then the
element e := e′ ⊕ e′′ satisfies
‖ea− a‖ < 4ε and sp(e) = [0, 1],
as desired. 
3. Trace model algebras for stably projectionless C*-algebras
Definition 3.1 ([Ell96]). Let E and F be finite dimensional C*-algebras, and let φ0, φ1 : E → F
be two homomorphisms (not necessarily unital). Then the C*-algebra
A(E, F, φ0, φ1) = {(e, f) ∈ E ⊕ C([0, 1], F ) : f(0) = φ0(e), f(1) = φ1(e)}
is called an Elliott-Thomsen algebra or a point–line algebra.
Definition 3.2 ([Raz02]). Let k, n ∈ N. Consider homomorphisms φ0, φ1 : Mk(C)→ Mk(n+1)(C)
defined by
φ0(a) = a⊗ 1n and φ1(a) = a⊗ 1n+1.
Then the C*-algebra
S(k, n) = A(Mk(C),Mk(n+1)(C), φ0, φ1)
is called a Razak algebra. Let us also call a direct sum of such C*-algebras a Razak algebra, and
denote this class of C*-algebras by Rz .
As shown in [Ell96], any simple partially ordered group together with a pairing with a topolog-
ical cone with a base a Choquet simples can be realized as the value of the invariant of a simple
inductive limits of Elliott-Thomsen algebras. For the propose of this paper, we shall consider
the simple inductive systems (Si, ιi) such that each Si a Q-stable point–line algebras and
(1) All traces of S are bounded and all traces of Si are bounded (this is automatic).
(2) For any ε > 0, there is a sufficiently large i such that if one writes each Si = S{E, F, φ0, φ1}
where E =
⊕
pQ, F =
⊕
lQ, and φ0, φ1 : E → F , and writes

[φ0]1,1 [φ0]1,2 · · · [φ0]1,p
[φ0]2,1 [φ0]2,2 · · · [φ0]2,p
...
...
. . .
...
[φ0]l,1 [φ0]l,2 · · · [φ0]l,p

 and


[φ1]1,1 [φ1]1,2 · · · [φ1]1,p
[φ1]2,1 [φ1]2,2 · · · [φ1]2,p
...
...
. . .
...
[φ1]l,1 [φ1]l,2 · · · [φ1]l,p


as the multiplicity matrices of φ0 and φ1, respectively, then
[φk]i,1 + [φk]i,2 + · · ·+ [φk]i,p > 1− ε, k = 0, 1, i = 1, 2, ..., l.
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(3) For each ε > 0, there is e(ε) ∈ S+i for sufficiently large i such that ‖e(ε)‖ = 1 and
(3.1) τ(e(ε)) > 1− ε, τ ∈ T+Sj, ‖τ‖ = 1, j ≥ i
and
(3.2) τ(e(ε)) > 1− ε, τ ∈ T+S, ‖τ‖ = 1.
Remark 3.3. It follows from (3.2) that the norm function τ 7→ ‖τ‖ is continuous on TS. Hence
the tracial states of S form a compact base of TS.
Then, any compact metrizable Choquet simplex can be realized as the simplex of tracial states
of a simple inductive limit of Razak algebras and the inductive system satisfies the conditions
above:
Theorem 3.4. Let ∆ be a compact metrizable Chouqet simplex. Then there is a simple inductive
limit C*-algebra S = lim−→(Si, φi), where each Si ∈ Rz, such that the tracial states of S form a
compact simplex which is homeomorphic to ∆, and moreover, S ⊗ Q satisfies Conditions (1),
(2), and (3).
Proof. Consider the compact metrizable Chouqet simplex Ξ. Consider the strictly positive f ∈
AffC with f(∆) = {1}, and pick a (unital) simple AF algebra B = ⋃∞i=1Bi such that T+B ∼= C
and the isomorphism sends the tracial state with norm one to Ξ.
Choose a decreasing sequence of positive numbers (εi) such that
∑∞
i=1 εi <∞. Also choose a
dense sequence (xi) in (0, 1).
Write Bi =
⊕w1
j=1Mk1,j (C), and put
S1 =
w1⊕
j=1
S(k1,j, 1).
Write Bi =
⊕wi
j=1Mki,j (C). Assume that the ith algebra
Si =
wi⊕
j=1
S(ki,j, ni,j)
is already defined for some ni,j. Let us construct Si+1 and a homomorphism φi : Si → Si+1.
Write Bi+1 =
⊕wj+1
j′=1 Mki+1,j′ (C). Write mj,j′, 1 ≤ j ≤ wi, 1 ≤ j′ ≤ wi+1, the multiplicities of
the embedding of Bi into Bi+1. Since B is simple, one may assume that the multiplicities are
sufficiently large such that
(3.3) mj,j′ − ni,j − 1 > ni,j
εi
, j′ = 1, 2, ..., wi+1, j = 1, 2, ..., wi.
Then choose an integer l sufficiently large such that
l
l + 1 +
∑wi
j=1(mj,j′ − 1)
> 1− εi, j′ = 1, 2, ..., wi+1.
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For each j′ = 1, 2, ..., wi+1, define a homomorphism θj′ : Si → Mki+1,j′ (C) by
(f1, f2, ..., fwi) 7→




f1(∗1)
. . .
f1(∗1)︸ ︷︷ ︸
m1,j′−ni,1−1
f1(xi)


. . . 

fwi(∗wi)
. . .
fwi(∗wi)︸ ︷︷ ︸
mwi,j′
−ni,wi−1
fwi(xi)




.
For each j = 1, 2, ..., wi, j
′ = 1, 2, ..., wi+1, define
ωj,j′ : S(ki,j, ni,j)→ C([0, 1],Mki+1,j′ (mj,j′−1)(C))
by sending fj to the function
t 7→




fj(∗j)
. . .
fj(∗j)︸ ︷︷ ︸
mj,j′−2ni,j−2
f1(t)
f1(xi)


. . . 

fj(∗j)
. . .
fj(∗j)︸ ︷︷ ︸
mj,j′−2ni,j−2
fj(t)
fj(xi)




︸ ︷︷ ︸
mj,j′−1
,
and put
ωj′ :=
wi⊕
j=1
ωj,j′ : Si →
wi⊕
j=1
C([0, 1],Mki+1,j′ (mj,j′−1)(C))
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For each j′ = 1, 2, ..., wi+1, define a homomorphism υj′ : Si → C([0, 1],Mki+1,j′ (C)) by sending
(f1, f2, ..., fwi) to the function




f1(∗1)
. . .
f1(∗1)︸ ︷︷ ︸
m1,j′−ni,1−1
f1(xi + t1 − txi)


. . . 

fwi(∗wi)
. . .
fwi(∗wi)︸ ︷︷ ︸
mwi,j′
−ni,wi−1
fwi(xi + t− txi)




.
Then, consider
Si+1 =
wi+1⊕
j′=1
S(ki+1,j′, ni+1,j′),
where
ni+1,j′ = l +
wi∑
j=1
(mj,j′ − 1), j′ = 1, 2, ..., wi+1,
and consider the homomorphism φi : Si → Si+1 defined by
φi =
wi+1⊕
j′=1
U∗j′(θj′ ⊕ · · · ⊕ θj′︸ ︷︷ ︸
l
⊕ωj′ ⊕ υj′)Uj′,
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where Uj′ ∈ C([0, 1],Mki+1,j′(l+1+∑wij=1(mj,j′−1))(C)) is a unitary satisfying Uj′(0) = 1 and
U∗j′(1)((θj′ ⊕ · · · ⊕ θj′︸ ︷︷ ︸
l
⊕ωj′ ⊕ υj′)(f1, f2, ..., fwi))(1)Uj′(1)
=




f1(∗1)
. . .
f1(∗1)︸ ︷︷ ︸
m1,j′−ni,1−1
f1(xi)


. . . 

fwi(∗wi)
. . .
fwi(∗wi)︸ ︷︷ ︸
mwi,j′
−ni,wi−1
fwi(xi)


︸ ︷︷ ︸
l+
∑wi
j=1(mj,j′−1)
0ki+1,j′


.
Then a direct calculation shows that inductive system (Si, φi) satisfies the conclusion of the
theorem. 
4. The Affine Space
Denote by AffT+A the continuous affine maps from T+A to R. Set
‖a‖∞ = sup{|a(τ)| : τ ∈ ΣA}, a ∈ AffT+A.
Then, if all traces of A are bounded, (AffT+A, ‖ · ‖∞) is a (ordered) Banach space.
Define the scale of AffTA to be the closed convex set
Aff1T
+A := {aˆ ∈ AffT+A : a ∈ A+, ‖a‖ ≤ 1}.
Note that ‖a‖∞ ≤ 1 if a ∈ Aff1T+A.
Lemma 4.1. Let A,B be C*-algebras, and let φ : A → B be a homomorphism. Then φT :
AffT+A→ AffT+B is a positive linear contraction, and φT(Aff1T+A) ⊆ Aff1T+B.
Lemma 4.2. Let τ ∈ T+A. If a(τ) ≤ 1 for all a ∈ Aff1T+A, then ‖τ‖ ≤ 1 (in other words,
τ ∈ ΣA).
Proof. It follows from the assumption that τ(a) ≤ 1, a ∈ A+ with ‖a‖ ≤ 1. Then ‖τ‖ =
sup{τ(a) : a ∈ A+, ‖a‖ ≤ 1} ≤ 1. 
Since ‖aˆ‖∞ ≤ 1 for all a ∈ A+ with ‖a‖ ≤ 1, one has
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Corollary 4.3. For any C*-algebra A, one has
τ ∈ ΣA if and only if |a(τ)| ≤ 1 for all a ∈ AffT+A with ‖a‖∞ ≤ 1.
Let (Ai, ιi) be an inductive system with ιi injective. Assume that all traces of A are bounded,
and assume that all traces of each Ai are bounded. Then, one has the inductive system
(AffT+A1, ‖ · ‖1,∞)
(ι1)∗
// (AffT+A2, ‖ · ‖2,∞)
(ι2)∗
// · · · // (AffT+A, ‖ · ‖∞) .
The dual system is
(T+A1,ΣA1) (T
+A2,ΣA2)
(ι1)∗
oo · · ·(ι2)
∗
oo (T+A,ΣA)oo .
Recall that
Lemma 4.4 (Lemma 2.8 of [EN16]). Let ∆ be a compact metrizable Choquet simplex. Then, for
any finite subset F ⊆ Aff(∆) and any ε > 0, there exist m ∈ N and unital (pointwise) positive
linear maps ̺ and θ,
Aff(∆)
̺
// Rm
θ // Aff(∆),
where the unit of Rm is (1, ..., 1), such that
‖θ(̺(f))− f‖∞ < ε, f ∈ F .
Lemma 4.5. Let (An, ιn) be an inductive system of C*-algebras with φn injective, and assume
that all traces of lim−→An are bounded. Fix a compact base ∆ ⊂ T
+A. Then, for any finite set
F ⊆ AffTA and any ε > 0, there exists
γn : AffT
+A→ AffT+An
for sufficiently large n such that
|(ιn,∞ ◦ γn(a))(τ)− a(τ)| < ε, τ ∈ ∆.
Proof. By Lemma 4.4, one only has to approximately lift a positive continuous affine map γ :
Rm → AffT+A to a map γn : Rm → AffT+An for given finite subset F ⊂ Rn and ε > 0. But
since Rm is finite dimensional, the lifting can be easily constructed. 
Lemma 4.6. Let S = lim−→(Sn, ιn) be a model algebra as in Theorem 3.4. Then, for any finite setF ⊆ AffT+S and any ε > 0, there exists
γm : AffT
+S → AffT+Sm
for sufficiently large m such that
|a(γ∗m ◦ ι∗m,∞(τ))− a(τ)| < ε, a ∈ F , ‖τ‖ = 1,
and
1− ε < ‖γ∗m(τ)‖ < 1 + ε, τ ∈ T+Sm, ‖τ‖ = 1.
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Proof. Fix an arbitrary ε > 0 for the time being. It follows from (3.1) and (3.2) that there is
e(ε) ∈ Sn such that
(4.1) τ(e(ε)) > 1− ε, τ ∈ T(Sm), ‖τ‖ = 1, m ≥ n,
and
(4.2) τ(e(ε)) > 1− ε, τ ∈ T(S), ‖τ‖ = 1.
Applying Lemma 4.5, one has γn : AffT
+S 7→ AffT+Sn such that
(4.3) |a(γ∗n ◦ ι∗n,∞(τ))− a(τ)| < ε, a ∈ F ∪ {e(ε)}, τ ∈ T+A, ‖τ‖ = 1.
Consider the induced diagram
T+(S)
T+Sn
γ∗n
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
T+Sm
ι∗n,m
oo T+S.
ι∗m,∞
oo
With m sufficiently large, one has that for any τ ∈ T+Am with ‖τ‖ = 1, there is τ ′ ∈ T+A such
that
(4.4) |τ(e(ε))− τ ′(e(ε))| < ε.
and
(4.5) |τ(γn(e(ε)))− τ ′(γn(e(ε)))| < ε.
By (4.1),
1 ≥ τ(e(ε)) > 1− ε,
and then by (4.4), one has
(4.6) 1 + ε > τ ′(e(ε)) > 1− 2ε
and therefore by (4.2),
1− 2ε < ‖τ ′‖ < 1 + ε
1− ε.
Then, by (4.3),
|((ιn,∞ ◦ γn)(e(ε)))(τ ′)− τ ′(e(ε))| < ε1 + ε
1− ε,
and then by (4.6)
1− 2ε− ε1 + ε
1− ε < ((ιn,∞ ◦ γn)(e(ε)))(τ
′) < 1 + ε+ ε
1 + ε
1− ε.
By (4.5),
1− 3ε− ε1 + ε
1− ε < ((ιn,m ◦ γn)(e(ε)))(τ) < 1 + 2ε+ ε
1 + ε
1− ε,
and therefore, it follows from (4.2) that
1− 3ε− ε1 + ε
1− ε < ‖(γ
∗
n ◦ ι∗n,m)(τ)‖ < (1 + 2ε+ ε
1 + ε
1− ε)
1
1− ε.
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Then, with sufficiently small ε, the map γm := ιn,m ◦γn satisfies the conclusion of the lemma. 
5. A stable uniqueness theorem
The main results (Corollary 5.6 and Corollary 5.7) in this section are probably well known
to experts; they will be used to show the trace factorization theorem (Theorem 6.1). A more
general stable uniqueness theorem will be proved in Section 8.1 including the case that the
codomain algebra is not necessarily unital. (If the codomain algebra B is not σ-unital, as
if B =
∏
Bn/
⊕
Bn for nonunital C*-algebras Bn, one will have troubles for the picture of
KK(A,B). This difficuty is handled in Section 8.1 by considering a certain sub-C*-algebra of
B.)
Definition 5.1. Let A be a C*-algebra, and let L : A1+ \ {0} → N be a map. Then a homomor-
phism φ : A → B, where B is a unital C*-algebra, is L-full if for any a ∈ A+ \ {0}, there are
contractions x1, x2, ..., xL(a) in B such that
1B = x
∗
1φ(a)x1 + x
∗
2φ(a)x2 + · · ·+ x∗L(a)φ(a)xL(a).
Definition 5.2. Let A be a C*-algebra. Denote by
Proj∞(A) = {p ∈ Mn(A) : p is a projection, n ∈ N},
and define
Proj
∞
(A) =
∞⋃
k=0
Proj∞(A⊗ Ck),
where Ck is a commutative C*-algebra satisfying
K0(Ck) = Z/kZ and K1(Ck) = {0}.
Also define
Proj∞(A˜) ∩K0(A) = {p ∈ Proj∞(A˜) : p is not equivalent to a projection in M∞(C1A˜)}.
The following theorem is well known.
Theorem 5.3. Let A be a unital separable exact C*-algebra that satisfies the UCT. Let L :
A1+ \ {0} → N be a map.
Let F ⊂ A be a finite subset, and let ε > 0. Then there exists n ∈ N such that, for any
admissible codomain algebra D of finite type, any unital L-full homomorphism ι : A → D, and
any nuclear homomorphisms φ, ψ : A→ D, if
(1) [φ] = [ψ] in KL(A,D),
(2) φ(1C) is unitarily equivalent to ψ(1C),
then there exists a unitary u ∈ Mn+1(D) such that
‖udiag(φ(c), ι(c), ..., ι(c)︸ ︷︷ ︸
n
)u∗ − diag(ψ(c), ι(c), ..., ι(c)︸ ︷︷ ︸
n
)‖ < ε, c ∈ F .
CLASSIFICATION OF KK-CONTRACTIBLE C*-ALGEBRAS 11
Theorem 5.4. Let A be a separable, unital, exact C*-algebra that satisfies the UCT. Let L :
A1+ \ {0} → N be a map.
Let F ⊂ A be a finite subset, and let ε > 0. Then there exist n ∈ N, finite sets G,H ⊂ A, a
constant δ > 0, and a finite set P ⊂ Proj∞(A) such that, for any admissible codomain algebra
D of finite type, any unital G-δ-multiplicative maps φ, ψ, ι : A→ D, if
(1) [φ(p)] = [ψ(p)] for all p ∈ P,
(2) ι(a) is L(a)-full for any a ∈ H,
then there exists a unitary u ∈ Mn+1(D) such that
‖udiag(φ(c), ι(c), ..., ι(c)︸ ︷︷ ︸
n
)u∗ − diag(ψ(c), ι(c), ..., ι(c)︸ ︷︷ ︸
n
)‖ < ε, c ∈ F .
Proof. Assume the statement were not true. There is a pair (F , ε) such that for any n, any finite
sets G,H ⊂ A, any constant δ, any finite set P ⊂ Proj∞(A), there is an admissible codomain
algebra D and unital G-δ-multiplicative maps satisfying
(1) [φ(p)] = [ψ(p)] for all p ∈ P,
(2) ι(a) is L-full for any a ∈ H,
but
max
c∈F
‖u(φ(c)⊕ (
n⊕
ι(c)))u∗ − ψ(c)⊕ (
n⊕
ι(c))‖ ≥ ε
for any unitary u ∈ Mn+1(D).
Applying Theorem 5.3 to (F , ε), one obtains n. Fix (F , ε) and n. Then choose sequences
(1) G1 ⊂ G2 ⊂ · · · with
⋃∞
k=1 Gk = A,
(2) H1 ⊂ H2 ⊂ · · · with
⋃∞
k=1Hk = A+,
(3) δ1 > δ2 > · · · with limk→∞ δk = 0,
(4) P1 ⊂ P2 ⊂ · · · with
⋃Pk = K(A).
There are admissible codomain algebras Dk and unital Gk-δk-multiplicative maps φk, ψk, ιk : A→
Dk satisfying
(1) [φk(p)] = [ψk(p)] for all p ∈ Pk,
(2) ιk(a) is ∆-full for any a ∈ Hk,
but
(5.1) max
c∈F
‖udiag{φk(c), ιk(c), ..., ιk(c)︸ ︷︷ ︸
n
}u∗ − diag{ψk(c), ιk(c), ..., ιk(c)︸ ︷︷ ︸
n
}‖ ≥ ε
for any unitary u ∈ Mn+1(Dk).
Consider the homomorphisms Φ,Ψ,Σ : A → ∏Dk/⊕Dk define by ∏∞k=1 φk, ∏∞k=1 ψk, and∏∞
k=1 ιk, respectively. Then one has
[Φ] = [Ψ] in KL(A,
∏
Dk/
⊕
Dk).
Moreover, the map Σ is L-full. Indeed, let a be a non-zero element in
⋃Hk and assume
that a ∈ Hk0. Since Hk ⊂ Hk+1, for each Hm, m = k0, k0 + 1, ..., there exist contractions
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xm,1, xm,2, ..., xm,∆(a) such that
1Dm = x
∗
m,1ιm(a)xm,1 + x
∗
m,2ιm(a)xm,2 + · · ·+ x∗m,L(a)ιm(a)xm,L(a).
Consider the contractions
xi := (0, ..., 0︸ ︷︷ ︸
k0−1
, xk0,j, xk0+1,j, ...), j = 1, 2, ..., L(a).
One has
1∏Dk/
⊕
Dk = x
∗
1Σ(a)x1 + x
∗
2Σ(a)x2 + · · ·+ x∗L(a)Σ(a)xL(a).
Since A+ =
⋃Hk, one has that Σ is L-full. By Theorem 5.3, there is a unitary
U ∈ Mn+1(
∏
Dk/
⊕
Dk)
such that
‖U∗diag{Φ(a),Σ(a), ...,Σ(a)︸ ︷︷ ︸
n
}U − diag{Ψ(a),Σ(a), ...,Σ(a)︸ ︷︷ ︸
n
}‖ < ε, a ∈ F .
Then, by lifting U to a unitary in
∏
Dk, one obtains a contradiction to (8.1). 
Corollary 5.5. Let A be a unital separable exact C*-algebra satisfying the UCT. Let ρ : A+ →
(0,∞) be a map.
Let F ⊂ A be a finite set, and let ε > 0. Then there is n ∈ N, finite sets P ⊂ Proj∞(A),
G,H ⊂ A and δ > 0 such that if φ, ψ, σ : A→ Q are unital G-δ-multiplicative map satisfying
(1) [φ(p)]0 = [ψ(p)]0, p ∈ P, and
(2) tr(σ(a)) > ρ(a), a ∈ H,
then there is a unitary u ∈ Mn+1(Q) such that
‖u∗diag(φ(a), σ(a), σ(a), ..., σ(a)︸ ︷︷ ︸
n
)u− diag(ψ(a), σ(a), σ(a), ..., σ(a)︸ ︷︷ ︸
n
)‖ < ε, a ∈ F .
Proof. By Lemma 12.4 of [GLN15], there is a function L : A+ \{0} → N such that if tr(b) > ρ(a)
for some b ∈ Q+, then b is L(a)-full. Then the statement follows directly from Theorem 5.4. 
Corollary 5.6. Let A be a separable exact C*-algebra (with or without a unit) satisfying the
UCT. Let ρ : A+ \ {0} → (0,∞) be a map.
Let F ⊂ A be a finite set, and let ε > 0. Then there is n ∈ N, finite sets P ⊂ Proj∞(A˜)∩K0(A),
G,H ⊂ A and δ > 0 such that if φ, ψ, σ : A→ Q are G-δ-multiplicative map satisfying
(1) [φ(p)]0 = [ψ(p)]0, p ∈ P, and
(2) tr(σ(a)) > ρ(a), a ∈ H,
then there is a unitary u ∈ Mn+1(Q) such that
‖u∗diag(φ(a), σ(a), σ(a), ..., σ(a)︸ ︷︷ ︸
n
)u− diag(ψ(a), σ(a), σ(a), ..., σ(a)︸ ︷︷ ︸
n
)‖ < ε, a ∈ F .
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Proof. If A is unital, then it follows from Corollary 5.5 directly. Then let us assume that A is
nonunital.
Consider the unitization A˜. Since A is nonunital, A is an essential ideal of A˜ (as if (a,−λ) ⊥ A,
then a straightforward calculation shows that a must be the unit of A and λ = 1), and therefore
a
1
2Aa
1
2 6= {0} for any nonzero positive element a ∈ A˜. Then there is a nonzero positive element
a′ ∈ A such that a′ ≤ a. So there is a map J : A˜+ \ {0} → A+ \ {0} such that
a ≥ J(a), a ∈ A˜+ \ {0}.
Then put
ρ˜(a) = ρ(J(a)), a ∈ A˜+ \ {0}.
Applying Corollary 5.5 to (F , ε) with respect to A˜ and ρ˜, one obtains n, P˜, G˜, H˜ ⊂ A˜, and
δ > 0. Choose finite subset G ⊂ A such that if θ : A → Q is G-δ-multiplicative, then the
unitization θ˜ : A˜→ Q is G˜-δ-multiplicative; set
H = J(H˜);
since K0(A˜) = K0(A)⊕ K0(C1A˜), one may assume that any element of P˜ has the form of p− q
with π(p) = π(q), and thus set P = P˜ ⊂ Proj∞(A˜) ∩K0(A).
It now follows that the tuple (n,P,G,H) satisfies the conclusion of the corollary.
Indeed, let φ, ψ, σ : A → Q be maps satisfying the assumption of the corollary. Consider the
unitizations φ˜, ψ˜, σ˜ : A˜→ Q. Then, for each a ∈ H˜,
tr(σ˜(a)) ≥ tr(σ˜(J(a))) = tr(σ(J(a))) ≥ ρ(J(a)) = ρ˜(a).
Since P = P˜ , it is clear that
[φ˜(p)]0 = [ψ˜(p)]0, p ∈ P˜ .
Then it follows from Corollary 5.5 that there is a unitary u ∈ Mn+1(Q) such that
‖u∗diag(φ˜(a), σ˜(a), σ˜(a), ..., σ˜(a)︸ ︷︷ ︸
n
)u− diag(ψ˜(a), σ˜(a), σ˜(a), ..., σ˜(a)︸ ︷︷ ︸
n
)‖ < ε, a ∈ F .
Since φ˜, ψ˜, σ˜ are extensions of φ, ψ, σ respectively, one has
‖u∗diag(φ(a), σ(a), σ(a), ..., σ(a)︸ ︷︷ ︸
n
)u− diag(ψ(a), σ(a), σ(a), ..., σ(a)︸ ︷︷ ︸
n
)‖ < ε, a ∈ F ,
as desired. 
Corollary 5.7. Let A be a separable exact C*-algebra (with or without unit) satisfying the UCT.
Let ρ : A+ \ {0} → (0,∞) be a map.
Let F ⊂ A be a finite set, and let ε > 0. Then there are finite sets P ⊂ Proj∞(A˜) ∩ K0(A),
G,H ⊂ A and δ > 0 such that if φ0, φ1 : A→ Q are G-δ-multiplicative maps satisfying
(1) [φ0(p)]0 = [φ1(p)]0, p ∈ P, and
(2) tr(φ0(a)) > ρ(a) and tr(φ1(a)) > ρ(a), a ∈ H
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then there is a path {φt, t ∈ [0, 1]} connecting φ0 and φ1 such that φt is F-ε-multiplicative for
each t ∈ [0, 1], and
|tr(φ0(a)− φt(a))| < |tr(φ0(a)− φ1(a))|+ 2ε, a ∈ F , t ∈ [0, 1].
Proof. Applying Corollary 5.6 to (F , ε) with respect to L, one obtains P, G, H, δ, and n. Then
P, G, H and δ satisfy the conclusion of the statement.
Indeed, let φ0, φ1 : A→ Q be G-δ-multiplicative maps satisfying
(1) [φ0(p)]0 = [φ1(p)]0, p ∈ P, and
(2) tr(φ0(a)) > ρ(a) and tr(φ1(a)) > ρ(a), a ∈ H.
Since the map a 7→ a⊗12n+1 : Q→ Q⊗M2n+1 ∼= Q is approximately unitarily equivalent to the
identity map, without loss of generality, one may assume that φ0 = φ
′
0⊗12n+1 and φ1 = φ′1⊗12n+1
for G-δ-multiplicative maps φ′0, φ′1 : A→ Q satisfying
(1) [φ0(p)]0 = [φ1(p)]0, p ∈ P, and
(2) tr(φ0(a)) > ρ(a) and tr(φ1(a)) > ρ(a), a ∈ H.
Then, with Corollary 5.6, a standard argument shows that the desired path exists. 
6. Trace factorization for C*-algebras with trivial K0-groups
Theorem 6.1. Let A ∈ R be a simple separable stably finite nuclear C*-algebra satisfying the
UCT. Assume that A has stable rank one and that K0(A) = {0}. Then, for any finite set F ⊆ A
and any ε > 0, there exist a Razak algebra S, an F-ε-multiplicative map θ : A → S, and an
embedding ι : S → A such that
|τ(a)− τ(ι ◦ θ(a))| < ε, a ∈ F , τ ∈ T+A, ‖τ‖ = 1.
Proof. Let us first assume that A ∼= A⊗Q.
Since A is simple, any tracial state of A is faithful. Since the cone T+A has a compact base,
one has
inf{τ(a) : τ ∈ T+(A), ‖τ‖ = 1} > 0, a ∈ A+ \ {0}.
Therefore, one can define the map
(6.1) L : A+ \ {0} ∋ a 7→ inf{τ(a) : τ ∈ T+A, ‖τ‖ = 1} ∈ (0,∞).
Applying Corollary 5.7 to A and L/4 with respect to (F , ε), one obtains G ⊂ A, H ⊂ A+, and
δ > 0 satisfying the conditions of Corollary 5.6. (Since K0(A) = {0} and A is stably finite, one
has Proj∞(A) ∩K0(A) = {0}, and hence P = {0}.)
Choose a model algebra S = lim−→(Sn, ιn) such that each Sn is a Q-stablized Razak algebra, and
K0(S) = {0} and (T+S, ‖ · ‖) ∼= (T+A, ‖ · ‖).
Denote by γ : AffTA→ AffTS the induced isomorphism.
By Lemma 4.6, there is positive continuous affine map γn : AffT
+A → AffT+Sn for a suffi-
ciently large n such that
(6.2) |γ∗n ◦ ι∗n,∞(τ)(a)− γ∗(τ)(a)| < ε, a ∈ F ∪H, τ ∈ T+A, ‖τ‖ = 1
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and
(6.3) 1− ε′ < ‖γ∗n(τ)‖ < 1 + ε, τ ∈ T+Sn, ‖τ‖ = 1.
Write
Sn = {(e, f) ∈ E ⊕ C([0, 1], F ) : f(0) = φ0(e), f(1) = φ1(e)},
where E =
⊕p
i=1Q and F =
⊕l
i=1Q for some p, l ∈ N, and φ0, φ1 : E → F are homomorphisms.
The maps φ0 and φ1 might not be unital, but by Condition 2, one may assume that
(6.4) τ(φ0(1E)) >
1
2
and τ(φ1(1E)) >
1
2
, τ ∈ T1(F ).
For ith direct summand Q of E, consider its canonical tracial state tri and consider the trace
γ∗n(tr ◦ π∞,i) ∈ T(A).
It follows from (6.3) that
1− ε < ‖γ∗n(tr ◦ π∞,i)‖ < 1 + ε.
Take a partition
0 = t0 < t1 < t2 < · · · < ts < ts+1 = 1
such that
|γn(a)(trj,tk)− γn(a)(trj,t)| < ε, a ∈ F , t ∈ [tk, tk+1], 1 ≤ j ≤ l, 0 ≤ k ≤ s.
Since A has the UCT, by [TWW], there are G-δ-multiplicative maps ψ∞,i : A → Q, i =
1, 2, ..., p, such that
(6.5) |tr ◦ ψ∞,i(a)− (γn)∗(tri ◦ π∞,i)(a)| < 1
2
min{ε, L(h) : h ∈ H}, a ∈ F ∪H,
and there are G-δ-multiplicative maps ψj,tk : A→ Q, j = 1, 2, ..., l, k = 1, 2, ..., s, such that
(6.6) |tr ◦ ψj,tk(a)− (γn)∗(tr ◦ πj,tk)(a)| <
1
2
min{ε, L(h) : h ∈ H}, a ∈ F ∪H.
Set
ψ∞ :=
p⊕
i=1
ψ∞,i : A→ E.
Note that, by (6.5), (6.6), (6.3), and the construction of L ((6.1)), one has
(6.7) tr(ψ∞,i)(a) >
1
2
L(a) and tr(ψj,tk)(a) >
1
2
L(a), a ∈ H,
where i = 1, 2, ..., p, j = 1, 2, ..., l, and k = 1, 2, ..., s.
For each j = 1, 2, ..., l, consider the maps
ψj,t0 = πj ◦ φ0 ◦ ψ∞ and ψj,ts+1 = πj ◦ φ1 ◦ ψ∞.
Note that, by (6.4) and (6.7), one has
tr(ψj,t0)(a) >
1
4
L(a) and tr(ψj,ts+1)(a) >
1
4
L(a), a ∈ H.
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Compare ψj,tk with ψj,tk+1 for each k = 0, 1, ..., s. By Corollary 5.7, exists a path (ψj,tk)t,
t ∈ [tk, tk+1] such that (ψj,tk)t : A→ Q is F -ε-multiplicative for each t ∈ [tk, tk+1], and
|tr((ψj,tk)t(a)− ψj,tk(a))| < 3ε, a ∈ F , t ∈ [tk, tk+1].
Denote by θ : A→ Sn the induced map. It is F -ε-multiplicative and satisfies
(6.8) |τ(Ψ(a))− γn(a)(τ)| < 4ε, a ∈ F , τ ∈ T+Sn, ‖τ‖ = 1.
Note that A and S are stably projectionless and T+A ∼= T+S. By Theorem 4.4 and Corollary
6.8 of [ERS11], it follows that the Cuntz semigroup of A and the Cuntz semigroup of S are
isomorphic. Applied to the canonical map Cu(Sn) → Cu(S) ∼= Cu(A), Theorem 1 of [Rob12]
implies that there is a homomorphism ι : Sn → A giving rise to this map, and in particular such
that
(6.9) ι∗ = γ
−1 ◦ (ιn,∞)∗ on AffT+Sn.
Since the ideal of Cu(Sn) killed by the map Cu(Sn) → Cu(S) ∼= Cu(A) is zero, as the map
Sn → S is an embedding, it follows that the map Sn → A is also an embedding. By (6.8), (6.9),
and (6.2), one then has
‖ι∗ ◦ θ∗(fˆ)− fˆ‖∞ < 6ε, f ∈ F ,
and this proves the theorem in the case that A ∼= A⊗Q.
In the general case, consider the embedding A→ A⊗Q, a 7→ a⊗1A, and note that it induced
an isometric isomorphism from T+A to T+(A⊗Q). Then, for any F ⊂ A, and any ε, the prove
above provides a sub-C*-algebras S and a factorization
A // A⊗Q θ // S ι // A⊗Q
such that
|τ(a)− τ(ι ◦ θ(a⊗ 1Q))| < ε, a ∈ F , τ ∈ T+(A⊗Q), ‖τ‖ = 1.
Since A and A ⊗ Q are stably projectionless, one has that Cu(A ⊗ Q) ∼= Cu(A), and denote
this isomorphism by ξ. Then, by Theorem 1 of [Rob12], there is an embedding ι′ : S → A such
that [ι′] = ξ ◦ [ι] on Cu(S), and hence
|τ(a)− τ(ι′ ◦ θ(a⊗ 1Q))| < ε, a ∈ F , τ ∈ T+(A), ‖τ‖ = 1,
as desired. 
7. Tracial Approximations
Lemma 7.1 ([CE08] or Theorem 6 of [Rob12]). Consider I = C0((0, 1]). For any finite set
F ⊂ I+ and any ε > 0, there are finite set G ⊂ M∞(I) such that for any C*-algebra A with
stable rank one and any homomorphisms φ, ψ : I → A, if
[φ(g′)] ≤ [ψ(g)] and [ψ(g′)] ≤ [φ(g)], g′, g ∈ G with g′ ≪ g,
then there is a unitary u ∈ A˜ such that
‖u∗φ(a)u− ψ(a)‖ < ε, a ∈ F .
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Lemma 7.2. Let A be a simple C*-algebra (with or without unit) with stable rank one such that
A ∈ R, and assume that A has strict comparison.
Let F be a finite dimensional C*-algebra, and let
φ : F → A,
φi : F → A, i ∈ N,
be order zero maps such that for each c ∈ F+ and f ∈ C+0 ((0, 1]),
lim
i→∞
sup
τ∈ΣA
|τ(f(φ(c))− f(φi(c)))| = 0
and
lim sup
i→∞
‖f(φi(c))‖ ≤ ‖f(φ(c))‖.
Then, there are contractions
si ∈ M4 ⊗ A, i ∈ N,
such that
lim
i→∞
‖si(14 ⊗ φ(c))− (e1,1 ⊗ φi(c))si‖ = 0, c ∈ F+
and
lim
i→∞
‖(e1,1 ⊗ φi(c))sis∗i − e1,1 ⊗ φi(c)‖ = 0.
Proof. The proof is the same as Proposition 2.1 of [Win16] (the argument does not require the
C*-algebra to be unital; the strict comparison is sufficient for the argument to proceed). 
Lemma 7.3. Let A be a separable C*-algebra with nuclear dimension at most m. Let (en) be an
approximate unit for A. Then there is a system of (m+ 1)-decomposable c.p. approximations
A˜
ψ˜j
// F
(0)
j ⊕ F (1)j ⊕ · · · ⊕ F (m)j ⊕ C
φ˜j
// A˜, j = 1, 2, ...
such that
(7.1) φ˜j(F
(l)
j ) ⊂ A, l = 0, 1, ..., m,
(7.2) φ˜j|C(1C) = 1A˜ − enj , for some enj in the approximate unit (en),
and
(7.3) lim
j→∞
‖aφ˜(l)j ψ˜(l)j (1A˜)− φ˜(l)j ψ˜(l)j (a)‖ = 0, l = 1, 2, ..., m+ 1, a ∈ A˜,
where φ˜
(l)
j and ψ˜
(l)
j are the projection of φ˜j to F
(l)
j and the restriction of ψ˜j to F
(l)
j , respectively.
Proof. Let F ⊆ A˜ be a finite set of positive elements with norm one, and let ε > 0 be arbitrary.
Write
F = {(a, λa) : a ∈ FA ⊂ A+} ⊂ A⊕ C1A˜.
By considering a strictly positive element of A, there is e in the approximate unit (en) of A such
that for any a ∈ F , there is a′ ∈ A satisfying
‖a− a′‖ < ε, a′e = ea′, and (a′ − π(a′))(1− e) = 0,
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where π : A˜→ C is the canonical quotient map. Denote by F ′ the set of such a′.
Consider the elements
e
1
2a′e
1
2 ∈ A, a′ ∈ F ′.
Then choose a factorization
A
ψ
// F (0) ⊕ F (1) ⊕ · · · ⊕ F (m) φ // A
such that
(1) ‖φ(ψ(e 12a′e 12 ))− e 12a′e 12‖ < ε, a′ ∈ F ′, and
(2) the restriction of φ to each direct summand F (l), l = 0, 1, ..., m, is order zero.
Then, define maps
ψ˜ : A˜ ∋ a 7→ ψ(e 12ae 12 )⊕ π(a) ∈ (F (0) ⊕ F (1) ⊕ · · · ⊕ F (m))⊕ C,
and
φ˜ : (F (0) ⊕ F (1) ⊕ · · · ⊕ F (m))⊕ C ∋ (a, λ) 7→ φ(a) + λ(1− e).
Then, for any a ∈ F , one has
‖φ˜(ψ˜(a))− a‖ < ‖φ˜(ψ˜(a′))− a′‖+ 3ε
= ‖φ(ψ(e 12a′e 12 )) + π(a′)(1− e)− a′‖+ 3ε
< ‖e 12a′e 12 + π(a′)(1− e)− a′‖+ 4ε = 4ε.
It is clear that the restriction of φ˜ to each simple summand of F (0) ⊕ F (1) ⊕ · · · ⊕ F (m) ⊕ C has
order zero.
Since F and ε are arbitrary, one obtains the (m+1)-decomposable c.p. approximations (ψ˜j , φ˜j),
j = 1, 2, ..., which satisfy (7.1) and (7.2) of the Lemma.
In the same way as in the proof of Proposition 4.2 of [Win12], ψ˜j and φ˜j can be modified to
satisfy (7.3). Indeed, consider
ψˆj : A˜ ∋ a 7→ ψ˜j(1A˜)−
1
2 ψ˜j(a)ψ˜j(1A˜)
− 1
2 ∈ (F (0)j ⊕ F (1)j ⊕ · · · ⊕ F (m)j )⊕ C,
where the inverse is taking in the hereditary sub-C*-algebra generated by ψ˜(1A˜), and
φˆj : (F
(0)
j ⊕ F (1)j ⊕ · · · ⊕ F (m)j )⊕ C ∋ a 7→ φ(ψ˜j(1A˜)
1
2aψ˜j(1A˜)
1
2 ) ∈ A˜.
Then the proof of Proposition 4.2 of [Win12] shows that
lim
j→∞
‖φˆ(l)j ψˆ(l)j (a)− φˆ(l)j ψˆ(l)j (a)φˆ(l)j ψˆ(l)j (1A˜)‖ = 0, a ∈ A.
Note that π(1A˜) = 1C. One has that π(1A˜)Cπ(1A˜) = C, and the restriction of φˆ to C is the
map λ 7→ λ(1− e). It follows that the decompositions (ψˆj , φˆj) satisfies the lemma. 
Theorem 7.4. Let S be a class of nuclear C*-algebra.
Let A be a C*-algebra with nuclear dimension at most m such that A ∈ R, A has stable rank
one, and A has strict comparison of positive elements.
Assume that for any finite set F ⊂ A and any ε > 0, there is a C*-algebra S ∈ S and maps
A
σ // S
ρ
// A
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such that σ is F-ε-multiplicative, ρ is an embedding, such that
|τ(ρ(σ(a)))− τ(a)| < ε, a ∈ F , τ ∈ T+A, ‖τ‖ = 1.
Then, the C*-algebra A has the following property: For any finite set F ⊂ A and any ε > 0,
there is a projection p ∈ M4(m+2)(A˜), a sub-C*-algebra S ⊂ (1−p)M4(m+2)(A)(1−p) with S ∈ S,
such that
(1) ‖[p, 14(m+2) ⊗ a]‖ < ε, a ∈ F ,
(2) p(14(m+2) ⊗ a)p ∈ε S, a ∈ F ,
(3) p ∼ e11 in M4(m+2)(A˜), and
(4) (1− p)M4(m+2)(A)(1− p) ∈ R.
Proof. The proof is similar to that of Theorem 2.2 of [Win16]. Let (en) be an approximate unit
of A. Since A ∈ R, by Lemma 2.4 one may assume that sp(en) = [0, 1]. Since dimnuc(A) ≤ m,
by Lemma 7.3, there is a system of (m+ 1)-decomposable c.p. approximations
A˜
ψj
// F
(0)
j ⊕ F (1)j ⊕ · · · ⊕ F (m)j ⊕ C
φj
// A˜, j = 1, 2, ...
such that
(7.4) φj(F
(l)
j ) ⊂ A, l = 0, 1, ..., m
and
(7.5) φj|C(1C) = 1A˜ − ej ,
where ej is an element of (en).
Denote by
φ
(l)
j = φj|F (l)j and φ
(m+1)
j (λ) = φj|C, l = 0, 1, ..., m.
By Lemma 7.3, one may assume that
(7.6) lim
j→∞
‖aφ(l)j ψ(l)j (1A˜)− φ(l)j ψ(l)j (a)‖ = 0, l = 1, 2, ..., m+ 1, a ∈ A.
Then, by the weak stability of order zero maps (Proposition 1.4 of [WZ10]), for each j ∈ N,
there are order zero maps
φ˜
(l)
j,i : F
(l)
j → Si ⊂ A, i ∈ N, l = 0, 1, ..., m,
such that
lim
i→∞
‖φ˜(l)j,i(c)− σi(φ(l)j (c))‖ = 0, c ∈ F (l)j ;
and (order zero) positive linear map
φ˜
(m+1)
j,i : C ∋ 1 7→ 1A˜ − σi(ej) ∈ S˜i = C*{Si, 1A˜} ⊂ A˜, i ∈ N.
Note that
(7.7) φ˜
(m+1)
j,i (λ) = σi(φ
(m+1)
j (λ)), λ ∈ F (m+1)j = C,
where one still uses σi to denote the induced map A˜→ S˜i
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Note that for each l = 0, 1, ..., m,
lim
i→∞
‖f(φ˜(l)j,i(c))− σi(f(φ(l)j (c)))‖ = 0, c ∈ (F (l)j )+, f ∈ C+0 ((0, 1]),
and hence
lim
i→∞
sup
τ∈ΣA
|τ(f(φ˜(l)j,i(c))− f(φ(l)j (c)))| = 0, c ∈ (F (l)j )+, f ∈ C+0 ((0, 1]).
Also note that
lim sup
i→∞
‖f(φ˜(l)j,i)(c)‖ ≤ ‖f(φ(l)j )(c)‖, c ∈ (F (l)j )+, f ∈ C+0 ((0, 1]).
Applying Lemma 7.2 to (φ˜
(l)
j,i)i∈N and φ
(l)
j for each l = 0, 1, ..., m, there are contractions
s
(l)
j,i ∈ M4(A) ⊂ M4(A˜), i ∈ N,
such that
lim
i→∞
‖s(l)j,i(14 ⊗ φ(l)j (c))− (e1,1 ⊗ φ˜(l)j,i(c))s(l)j,i‖ = 0, c ∈ F (l)j
and
lim
i→∞
‖(e1,1 ⊗ φ(l)j (c))s(l)j,i(s(l)j,i)∗ − e1,1 ⊗ φ(l)j (c)‖ = 0.
For l = m+ 1, since sp(ej) = [0, 1], by Lemma 7.1, there are unitaries
s
(m+1)
j,i ∈ A˜, i ∈ N,
such that
lim
i→∞
‖s(m+1)j,i ej − σi(ej)s(m+1)j,i ‖ = 0,
and hence
lim
i→∞
‖s(m+1)j,i (1A˜ − ej)− (1A˜ − σi(ej))s(m+1)j,i ‖ = 0.
By (7.5) and (7.7), one has
lim
i→∞
‖s(m+1)j,i φ(m+1)j (c)− φ˜(m+1)j,i (c)s(m+1)j,i ‖ = 0, c ∈ F (m+1)j = C.
Consider e1,1 ⊗ s(m+1)j,i ∈ M4 ⊗ A˜, and still denote it by s(m+1)j,i , one has
lim
i→∞
‖s(m+1)j,i (14 ⊗ φ(m+1)j (c))− (e1,1 ⊗ φ˜(m+1)j,i (c))s(m+1)j,i ‖ = 0, c ∈ F (l)j
and
(e1,1 ⊗ φ(m+1)j (c))s(m+1)j,i (s(m+1)j,i )∗ = e1,1 ⊗ φ(m+1)j (c).
Therefore,
(7.8) lim
i→∞
‖s(l)j,i(14 ⊗ φ(l)j (c))− (e1,1 ⊗ φ˜(l)j,i(c))s(l)j,i‖ = 0, c ∈ F (l)j , l = 0, 1, ..., m+ 1.
(7.9) lim
i→∞
‖(e1,1 ⊗ φi(c))s(l)j,i(s(l)j,i)∗ − φi(c)‖ = 0, c ∈ F (l)j , l = 0, 1, ..., m+ 1.
Let σ˜i : A˜ → S˜i and ρ˜i : S˜i → A˜ denote the unital maps induced by σi : A → Si and
ρi : Si → A, respectively.
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Consider the contractions
s
(l)
j := (s
(l)
j,i)i∈N ∈ (M4 ⊗ A˜)∞, l = 0, 1, ..., m+ 1.
By (7.8) and (7.9), they satisfy
s
(l)
j (14 ⊗ ι¯(φ(l)j (c))) = (e1,1 ⊗ ρ¯σ¯(φ(l)j (c)))s(l)j
and
(e1,1 ⊗ ρ¯(φ(l)j (c)))s(l)j (s(l)j )∗ = (e1,1 ⊗ ρ¯(φ(l)j (c))),
where
ρ¯ :
∏
S˜i/
⊕
S˜i → A˜∞
is the homomorphism induced by ρ˜i, ι : A˜→ (A˜)∞ is the canonical embedding, S˜i = C∗{Si, 1A˜},
and
ι¯ : (A˜)∞ → ((A˜)∞)∞
is the embedding induced by the canonical embedding ι : A˜→ (A˜)∞.
Let
γ¯ : A˜∞ → ((A˜)∞)∞
be the homomorphism induced by
ρ¯σ¯ : A˜→ (A˜)∞,
For each l = 0, 1, ..., m+ 1, let
φ¯(l) :
∏
j
F
(l)
j /
⊕
j
F
(l)
j → A∞
and
ψ¯(l) : A→
∏
j
F
(l)
j /
⊕
j
F
(l)
j
denote the maps induced by φ
(l)
j and ψ
(l)
j .
Define a contraction
s¯(l) = (s
(l)
j ) ∈ (M4 ⊗ A˜∞)∞,
and then
s(l)(14 ⊗ ι¯φ¯(l)ψ¯(l)(a)) = (e1,1 ⊗ γ¯φ¯(l)ψ¯(l)(a))s(l), a ∈ A˜,
and
(e1,1 ⊗ γ¯φ¯(l)ψ¯(l)(a))s(l)j (s(l)j )∗ = (e1,1 ⊗ γ¯φ¯(l)ψ¯(l)(a)).
By (7.6), one has
φ¯(l)ψ¯(l)(1A)ι(a) = φ¯
(l)ψ¯(l)(a), a ∈ A.
In particular,
((φ¯(l)ψ¯(l)(1A))
1
2 ι(a) ∈ C*{φ¯(l)ψ¯(l)(A)},
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and hence
s¯(l)(14 ⊗ (ι¯φ¯(l)ψ¯(l)(1A˜))
1
2 )(14 ⊗ ι¯ι(a)) = s¯(l)(14 ⊗ ι¯(φ¯(l)ψ¯(l)(1A˜)
1
2 ι(a))
= (e1,1 ⊗ γ¯(φ¯(l)ψ¯(l)(1A˜))
1
2 ι(a))s¯(l)
= (e1,1 ⊗ γ¯(ι(a)φ¯(l)ψ¯(l)(1A˜))
1
2 )s¯(l)
= (e1,1 ⊗ γ¯(ι(a)))(e1,1 ⊗ γ¯(φ¯(l)ψ¯(l)(1A˜))
1
2 )s¯(l).(7.10)
Set
v¯ =
m+1∑
l=0
e1,l ⊗ ((e1,1 ⊗ γ¯φ¯lψ¯(l)(1A˜))
1
2 s¯(l))
=
m+1∑
l=0
e1,l ⊗ (s¯(l)(14 ⊗ ι¯φ¯lψ¯(l)(1A˜))
1
2 ) ∈ Mm+2(C)⊗M4(C)⊗ (A∞)∞.
Then
v¯v¯∗ =
m+1∑
l=0
e1,1 ⊗ (e1,1 ⊗ (γ¯φ¯lψ¯(l)(1A˜))) = e1,1 ⊗ e1,1 ⊗ γ¯(1A˜).
Thus, v¯ is an partial isometry.
Moreover, for any a ∈ A˜,
v¯(1(m+2) ⊗ 14 ⊗ ι¯ι(a)) =
m+1∑
l=0
e1,l ⊗ (s¯(l)(14 ⊗ ι¯φ¯lψ¯(l)(1A˜)
1
2 )(14 ⊗ ι¯ι(a)))
=
m+1∑
l=0
e1,l ⊗ (e1,1 ⊗ γ¯(ι(a)))(e1,1 ⊗ γ¯(φ¯(l)ψ¯(l)(1A˜)
1
2 s¯(l)) (by (7.10))
= (1m+2 ⊗ e1,1 ⊗ γ¯(ι(a)))
m+1∑
l=0
e1,l ⊗ e1,1 ⊗ γ¯(φ¯(l)ψ¯(l)(1A˜)
1
2 s¯(l))
= (1m+2 ⊗ e1,1 ⊗ γ¯(ι(a)))v¯,
and hence
v¯∗v¯(1m+2 ⊗ 14 ⊗ ι¯ι(a)) = v¯∗(1m+2 ⊗ e1,1 ⊗ γ¯ι(a))v¯ = (1m+2 ⊗ 14 ⊗ ι¯ι(a))v¯∗v¯, a ∈ A˜.
Then, for any finite set F ⊆ A˜ and any ε > 0, there are i, j ∈ N and v ∈ Mm+2(C)⊗M4(C)⊗A˜
such that
(1) vv∗ = e1,1 ⊗ e1,1 ⊗ ρ˜i(1S˜i) = e1,1 ⊗ e1,1 ⊗ 1A˜,
(2) ‖[v∗v, 1m+2 ⊗ a]‖ < ε, a ∈ F ,
(3) ‖v∗v(1m+2 ⊗ a)− (e1,1 ⊗ ρ˜iσ˜i(a))v‖ < ε, a ∈ F .
Define
κ : S˜i → Mm+2(C)⊗M4(C)⊗ A˜
by
κ(s) = v∗(e1,1 ⊗ e1,1 ⊗ ρ˜i(s))v.
CLASSIFICATION OF KK-CONTRACTIBLE C*-ALGEBRAS 23
Note that
κ(Si) ⊂ Mm+2(C)⊗M4(C)⊗A.
Then κ is an embedding; and on setting p = 1κ(S˜i) = v
∗v, one has
(1) p ∼ e1,1 ⊗ e1,1 ⊗ 1A˜,
(2) ‖[p, 1m+2 ⊗ 14 ⊗ a]‖ < ε, a ∈ F ,
(3) p(1m+2 ⊗ 14 ⊗ a)p ∈ε κ(S˜i), a ∈ F .
Since p ∼ e1,1 ⊗ e1,1 ⊗ 1A˜, one has that (1− p)M4(m+2)(A)(1− p) ∼= M4(m+2)−1(A), and hence
is still in the reduction class R, as desired. 
Lemma 7.5. Let A be a simple C*-algebra satisfying the UCT. Assume dimnuc(A) = m < ∞,
K0(A) = {0}, and A ∈ R. Then, for any finite set F ⊂ A, and ε > 0, there are d ∈ N, a
projection p in Md(A˜), and a sub-C*-algebra S ⊂ pMd(A)p with S ∈ Rz, such that
(1) ‖[p, 1d ⊗ a]‖ < ε, a ∈ F ,
(2) p(1d ⊗ a)p ∈ε S, a ∈ F , and
(3) 1 − p is Murray von Neumann equivalent to a projection of Md(C1A˜) with (normalized)
trace at most ε.
Proof. Without loss of generality, let us assume that ‖a‖ ≤ 1, a ∈ F .
Pick N ∈ N such that
(
4(m+ 2)− 1
4(m+ 2)
)N < ε.
Set ε′ = ε
8N
.
By Theorem 6.1, the C*-algebra A satisfies the conditions of Theorem 7.4, and hence there is
a projection p1 ∈ M4(m+2)(A˜) and a sub-C*-algebra S1 ∈ pM4(m+2)(A˜)p with S1 ∈ R0 such that
(1) ‖[p1, 14(m+2) ⊗ a]‖ < ε′, a ∈ F ,
(2) p1(14(m+2) ⊗ a)p1 ∈ε′ S1, a ∈ F ,
(3) p1 ∼ e11 in M4(m+2)(A˜), and
(4) (1− p1)M4(m+2)(A)(1− p1) ∈ R.
Consider the sub-C*-algebra A1 := (1 − p1)M4(m+2)(A)(1 − p1). Its nuclear dimension is
bounded by m and it also satisfies the UCT. Thus, by Theorem 6.1 and Theorem 7.4, there
is a projection p2 ∈ M4(m+2)(A˜1) ⊂ M4(m+2)((1 − p1)M4(m+2)(A˜)(1 − p1)) and a sub-C*-algebra
S2 ∈ p2M4(m+2)(A˜)p2 with S2 ∈ R0 such that
(1) ‖[p2, 14(m+2) ⊗ a]‖ < ε′, a ∈ (1− p1)(M4(m+1) ⊗ F)(1− p1),
(2) p2(14(m+2) ⊗ a)p2 ∈ε′ S2, a ∈ (1− p1)(M4(m+1) ⊗ F)(1− p1),
(3) p2 ∼ e11 in M4(m+2)(A˜1) ⊂ M4(m+2)((1− p1)M4(m+2)(A˜)(1− p1)), and
(4) (1− p2)M4(m+2)(A1)(1− p2) ∈ R.
CLASSIFICATION OF KK-CONTRACTIBLE C*-ALGEBRAS 24
Note that p1 ⊥ p2 as projections of M4(n+2)⊗M4(n+2)⊗A˜ (where p1 is regarded as 14(m+2)⊗p1),
and note that
14(m+2) ⊗ 14(m+2) ⊗ a
≈2ε′ p1(14(m+2) ⊗ 14(m+2) ⊗ a)p1 + (1− p1)(14(m+2) ⊗ 14(m+2) ⊗ a)(1− p1)
≈2ε′ p1(14(m+2) ⊗ 14(m+2) ⊗ a)p1 + p2((1− p1)(14(m+2) ⊗ 14(m+2) ⊗ a)(1− p1))p2
+(1− p2)((1− p1)(14(m+2) ⊗ 14(m+2) ⊗ a)(1− p1))(1− p2),
and for any a ∈ F ,
p1(14(m+2) ⊗ 14(m+2) ⊗ a)p1 ∈ε′ S1 and p2((1− p1)(14(m+2) ⊗ 14(m+2) ⊗ a)(1− p1))p2 ∈ε′ S2.
Therefore,
(1) ‖[p1 + p2, 14(m+2) ⊗ 14(m+2) ⊗ a]‖ < 8ε′, a ∈ F ,
(2) (p1 + p2)(14(m+2) ⊗ 14(m+2) ⊗ a)(p1 + p2) ∈4ε′ S1 ⊕ S2, a ∈ F .
Also note that p1+p2 is Murray-von Neumann equivalent to a projection of M4(m+2)(M4(m+2)(C1A˜))
with rank 4(m+ 2) + 4(m+ 2)− 1, and
rank(1− (p1 + p2))
(4(m+ 2))2
= (
4(m+ 2)− 1
4(m+ 2)
)2.
Then, repeating this procedure N times, one obtains pairwise orthogonal projections
p1, p2, ..., pN ∈ M4(m+2)(C)⊗ · · · ⊗M4(m+2)︸ ︷︷ ︸
N
(C)⊗ A˜,
and sub-C*-algebras Si ∈ pi((
⊗
N M4(m+2)(C))⊗ A˜)pi such that each pi is Murray-von Neumann
equivalent to a projection of
⊗
N M4(m+2)(C1A˜) and
rank(1− (p1 + · · ·+ pN))
(4(m+ 2))N
= (
4(m+ 2)− 1
4(m+ 2)
)N < ε,
and
(1) ‖[p1 + · · ·+ pN , 1(4(m+2))N ⊗ a]‖ < 8(N − 1)ε′ < ε, a ∈ F ,
(2) (p1 + · · ·+ pN )(1(4(m+2))N ⊗ a)(p1 + · · ·+ pN) ∈4(N−1)ε′ S1 ⊕ · · · ⊕ SN , a ∈ F .
Thus, one obtains the desired decomposition with d = (4(m + 2))N , p = p1 + · · · + pN , and
S = S1 ⊕ · · · ⊕ SN . 
The following statement is a straightforward corollary of Lemma 7.5.
Corollary 7.6. Let A be a simple C*-algebra satisfying the UCT. Assume that dimnuc(A) =
m < ∞, K0(A) = {0}, and A ∈ R. Then, for any finite set F ⊂ A, any ε > 0 and any n ∈ N,
there is a projection p ∈ A˜⊗Q and a sub-C*-algebra S ⊂ p(A⊗Q)p with S ∈ Rz such that
(1) ‖[p, a⊗ 1Q]‖ < ε, a ∈ F ,
(2) p(a⊗ 1Q)p ∈ε S, a ∈ F ,
(3) 1− p is Murray von Neumann equivalent to a projection of 1A˜ ⊗Q with trace at most ε.
One then has the following (tracial) divisibility property.
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Theorem 7.7. Let A be a simple C*-algebra satisfying the UCT. Assume that dimnuc(A) = m <
∞, K0(A) = {0}, and A ∈ R. Then, for any finite set F ⊂ A, any ε > 0 and any n ∈ N, there
are projections q, p1, p2, ..., pn ∈ A˜⊗Q, S ⊂ p1(A⊗Q)p1, S ∈ Rz such that
(1) q + p1 + p2 + · · ·+ pn = 1A˜⊗Q, q is Murray-von Neumann equivalent to pi, i = 1, 2, ..., n,
(2) ‖[pi, a⊗ 1Q]‖ < ε, a ∈ F ,
(3) piapi ∈ε viSv∗i , a ∈ F , where vi ∈ A˜ ⊗ Q, i = 1, 2, ..., n, are the partial isometries
satisfying v∗i vi = p1 and viv
∗
i = pi.
Proof. Let (F , ε), and n be given. It follows from Corollary 7.6 that there exist a projection
p ∈ A˜⊗Q and a sub-C*-algebra S ′ ⊂ p(A⊗Q)p with S ∈ R0 such that
(1) ‖[p, a⊗ 1Q]‖ < ε, a ∈ F ,
(2) p(a⊗ 1Q)p ∈ε S ′, a ∈ F ,
(3) 1−p is Murray von Neumann equivalent to a projection of 1A˜⊗Q with trace r and r < 1n .
Choose natural numbers l and m such that m and l are divided by n and
(7.11)
l
m
= (
1
n + 1
− r) · 1
1− r .
Then, consider A˜⊗Q⊗Mm, and consider
q := (1− p)⊗ 1m + p⊗ e1,1 + p⊗ e2,2 + · · ·+ p⊗ el,l.
Then q is Murray-von Neumann equivalent to a projection of 1A˜ ⊗Q⊗Mm with trace
r + (1− r) l
m
=
1
n + 1
, by (7.11).
Since m − l is divided by n, there are pairwise orthogonal projections e1, e2, ..., en ∈ Mm(C)
such that
ei ⊥ (e1,1 + · · ·+ ell), and ei ∼ ej , i, j = 1, 2, ..., n,
Then put
pi = p⊗ ei ∈ A˜⊗Q⊗Mm, i = 1, 2, ..., n,
and
S = S ′ ⊗ ei ⊂ p1(A⊗Q⊗Mm)p1.
Note that there are partial isometries vi ∈ 1A˜⊗Q ⊗ Mm, i = 1, 2, ..., n, satisfying v∗i vi = p1
and viv
∗
i = pi. Also note that each pi, i = 1, 2, ..., n, is Murray-von Neumann equivalent to a
projection of 1A˜⊗Q⊗Mm with trace 1n+1 , and, therefore, pi is murray-von Neumann equivalent
to q.
Regard A˜ ⊗ Q ⊗Mm as a unital sub-C*-algebra of A˜ ⊗ Q ⊗ Q, and identify Q ⊗ Q with Q.
Then q, p1, p2, ..., pn, v1, v2, ..., vn, and S satisfy the conclusion of the theorem. 
Remark 7.8. It follows from Theorem 7.7 that any element a ∈ A can be approximated by
qaq + p1ap1 + p2ap2 + · · ·+ pnapn
as an diagonal element of Mm+1(qAq). This structure theorem will lead to a uniqueness theorem
(Theorem 8.24), and then a classification of C*-algebras with trivial K-theory (Theorem 8.26).
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Corollary 7.9. Let A be a C*-algebra of Theorem 7.7. Assume that A ∼= A⊗Q. Then, for any
finite set F ⊂ A, any ε > 0, and any n ∈ N, there are sub-C*-algebras A0, A1 ⊂ A, S ⊂ A1, with
A0 ⊥ A1 and S ∈ Rz, and c.p. maps
A
θ=θ0⊕θ1// A0 ⊕ A1   ι // A
such that θ is F-ε-multiplicative, ι is the embedding, and
(1) ‖ι(θ(a))− a‖ < ε, a ∈ F ,
(2) θ1(a) ∈ε S, a ∈ F ,
(3) there are v1, v2, ..., vn ∈ A such that
(a) ‖(v∗i vi)θ0(a)− θ0(a)‖ < ε, a ∈ F ,
(b) viv
∗
i ∈ A1 and viv∗i ⊥ vjv∗j , i 6= j.
Motivated by this, one has the following notion of tracial approximation for a C*-algebra with
or without unit.
Definition 7.10. Let S be a class of C*-algebras. A C*-algebra A is said to be tracially
approximated by C*-algebras in S, denoted by A ∈ TAS, if any finite set F ⊂ A, any ε > 0,
and any n ∈ N, there are sub-C*-algebras A0, A1 ⊂ A, S ⊂ A1, with A0 ⊥ A1 and S ∈ S, and
c.p. maps
A
θ=θ0⊕θ1
// A0 ⊕ A1   ι // A
such that θ is F -ε-multiplicative, ι is the natural embedding, and
(1) ‖ι(θ(a))− a‖ < ε, a ∈ F ,
(2) θ1(a) ∈ε S, a ∈ F ,
(3) there are v1, v2, ..., vn ∈ A such that
(a) ‖(v∗i vi)θ0(a)− θ0(a)‖ < ε, a ∈ F ,
(b) viv
∗
i ∈ A1 and viv∗i ⊥ vjv∗j , i 6= j.
Lemma 7.11. Let A be a simple C*-algebra with strict comparison of positive elements, and
assume that A has stable rank one. Then A ∈ TAS if, and only if, for any finite set F ⊂ A,
and any ε > 0, there are sub-C*-algebras A0, A1 ⊂ A, S ⊂ A1, with A0 ⊥ A1 and S ∈ S, and
c.p. maps
A
θ=θ0⊕θ1// A0 ⊕ A1   ι // A
such that θ is F-ε-multiplicative, ι is the embedding, and
(1) ‖ι(θ(a))− a‖ < ε, a ∈ F ,
(2) θ1(a) ∈ε S, a ∈ F ,
(3) τ(b) < ε, b ∈ A0 with ‖b‖ ≤ 1, τ ∈ T(A), ‖τ‖ = 1.
8. Classification of KK-contractible C*-algebras
The structure (Theorem 7.7) obtained in the previous section actually leads us to a classifica-
tion of KK-contractible C*-algebras. One first need a stable uniqueness theorem with codomain
algebra not necessary unital.
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8.1. A stable uniqueness theorem. Let A,B be C*-algebras, and let γ : A → B be a
homomorphism, and consider the homomorphism
γ∞ := diag{γ, γ, ...} : A→M(K ⊗ B),
where K is the algebra of compact operates on a separable Hilbert space, and M(K ⊗B) is the
multiplier algebra.
Lemma 8.1 ([EK01]). Assume that A is not unital, and assume that B is separable. The
extension γ∞ is absorbing, in the nuclear sense, if it is full, i.e., Bγ(a)B = B, a ∈ A \ {0}.
Proof. By Theorem 17 (iii) of [EK01], the extension γ∞ is purely large. Note that A does not have
a unit. Then it follows from Corollary 16 of [EK01] (see Theorem 2.1 [Gab16] for a correction)
that γ∞ is nuclear absorbing. 
Proposition 8.2. Let A be a separable C*-algebra without a unit, and let B be a separable
C*-algebra. Let γ : A→ B be a full homomorphism, i.e., Bγ(a)B = B, a ∈ A \ {0}.
Suppose that φ, ψ : A → B are two nuclear homomorphisms with [φ] = [ψ] in KKnuc(A,B).
Then for any finite set F ⊂ A and ε > 0, there exist an integer n and a unitary u ∈ Mn+1(B) +
C1n+1 satisfying
‖u∗(φ(a)⊕ (γ(a)⊕ · · · ⊕ γ(a)︸ ︷︷ ︸
n
)u− ψ(a)⊕ (γ(a)⊕ · · · ⊕ γ(a)︸ ︷︷ ︸
n
)‖ < ε, a ∈ F .
Proof. Since [φ] = [ψ] in KKnuc(A,B), there is a strict nuclear representation σ : A→M(K⊗B)
such that φ⊕ σ ∼= ψ ⊕ σ, where “ ∼= ” is the properly asymptotically unitary equivalence define
in [DE01]. Hence φ ⊕ σ ⊕ γ∞ ∼= ψ ⊕ σ ⊕ γ∞. Since γ∞ is (non-unital) absorbing, one has
σ ⊕ γ∞ ∼ γ∞. It then follows from Lemma 4.3 of [DE02] that there is a sequence of unitaries
uk ∈ K ⊗ B + C1 that
‖u∗k(φ(a)⊕ γ∞(a))uk − ψ(a)⊕ γ∞(a)‖ → 0, a ∈ A, k →∞.
Let en = diag{1B˜, 1B˜, ..., 1B˜︸ ︷︷ ︸
n
, 0, ...}. Since uk ∈ K⊗B+C1, one has that [uk, en]→ 0, as n→∞.
Then, for sufficiently large k, and then a sufficiently large n, the element enuken ∈ Mn(B) +C1n
can be perturbed to a unitary u satisfying the conclusion of the proposition. 
In order to get a stable uniqueness theorem for approximate homomorphisms and with a
control on the multiplicity n, we shall apply Proposition 8.2 to the case that B is an asymptotical
sequence algebra, i.e., B =
∏
Bn/
⊕
Bn for some C*-algebrasBn. Such an asymptotical sequence
algebra is not σ-unital if Bn are not unital. This brings a trouble for the picture of KK(A,B)
in general. In the following, we shall show that in this situation (B is not σ-unital), there is a
separable sub-C*-algebra B′ ⊂ B containing the images of A under φ, ψ, and γ, and B′ is also
large enough so that the map γ : A→ B′ is still full. Then one just works on the maps from A
to B′ instead.
Proposition 8.3 (Proposition 2.1 of [Bla78]). Let A be a separable C*-algebra (with or without
unit). Then there is a countable subset S of A such that if J is any ideal of A, then S ∩ J is
dense in J .
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Lemma 8.4. Let D be a C*-algebra. Let A ⊆ D be separable sub-C*-algebra such that
DaD = D, a ∈ A \ {0},
and let B ⊆ D be another separable sub-C*-algebra. Then, there is a separable sub-C*-algebra C
of D such that
A,B ⊆ C
and
CaC = C, a ∈ A \ {0}.
Proof. Apply Proposition 8.3, one obtains a countable set
{a0, a1, a2, ...} ⊂ A
such that {a0, a1, a2, ...} ∩ J is dense in J for any ideal J of A. We may assume that
a0 = 0 and aj 6= 0, j = 1, 2, ... .
Set
C1 = C*{A,B} ⊆ D.
It is clear that C1 is separable. Pick a dense set {c1, c2, ...} in C1. Since DajD = D, j =
1, 2, ..., for any ε > 0 and any ci, there are eventually zero sequences xci,aj ,ε,1, xci,aj ,ε,2, ..., and
yci,aj ,ε,1, yci,aj ,ε,2, ..., in D such that and
‖ci − (xci,aj ,ε,1ajyci,aj ,ε,1 + xci,aj ,ε,2ajyci,aj ,ε,2 + · · · )‖ < ε.
Set
C2 = C*{C1, xci,aj , 1n ,k, yci,aj , 1n ,k : i, j, n, k = 1, 2, ...},
and, then one has that
C2ajC2 ⊆ C1, j = 1, 2, ... .
Repeat the construction above, one obtains a sequence of separable C*-algebras
C1 ⊆ C2 ⊆ · · · ⊆ Cn ⊆ · · · ⊆ D
such that
Cn+1ajCn+1 ⊆ Cn, j = 1, 2, ..., n = 1, 2, ... .
Set C =
⋃∞
n=1Cn, and then one has
CajC = C, j = 1, 2, ..., .
Then the separable sub-C*-algebra C satisfies the lemma. Indeed, let a ∈ A \ {0}. Consider
the ideal J := CaC ∩ A. Since a ∈ J , one has that J 6= {0}. By Proposition 8.3, one has
that {a0, a1, a2, ...} ∩ J is dense in J , and in particular, the ideal J contains some aj 6= 0. Since
C = CajC ⊆ CJC = CaC, one has that CaC = C, as desired. 
Remark 8.5. If A is simple, then, in the proof above, one only needs to pick one non-zero element
of A and does not need Proposition 8.3.
Let us point out the following corollary, although it is not used in this paper.
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Corollary 8.6. Let A,D be C*-algebra, and assume that A is separable. Let φ, ψ, σ : A→ D be
homomorphisms such that
(1) [φ] = [ψ] in Hom(K∗(A),K∗(D)), and
(2) Dσ(a)D = D, a ∈ A \ {0}.
Then there is a separable sub-C*-algebra C ⊂ D such that
(1) φ(A), ψ(A), σ(A) ⊂ C,
(2) [φ] = [ψ] in Hom(K∗(A),K∗(C)),
(3) Cσ(a)C = C.
Proof. Since A is separable (and hence all K∗(A,Z/nZ), ∗ = 0, 1, n ∈ N, are countable), there is a
separable sub-C*-algebra B ⊂ D such that φ(A), ψ(A) ⊂ B and [φ] = [ψ] in Hom(K∗(A),K∗(B)).
The the existence of C follows directly from Lemma 8.4. 
Definition 8.7. Let L : A+ × (0, 1)→ N and N : A+ × (0, 1)→ (0,+∞) be maps.
A positive map φ : A→ B is said to be (L,N)-full if for any ε > 0, any a ∈ A+ \ {0}, and any
b ∈ B+ with ‖b‖ ≤ 1, there are b1, b2, ..., bL(a,ε) with ‖bi‖ ≤ N(a, ε), i = 1, 2, ..., L(a, ε), such that
‖b− (b1φ(a)b∗1 + b2φ(a)b∗2 + · · ·+ bL(a,ε)φ(a)b∗L(a,ε))‖ < ε.
Definition 8.8. A C*-algebra A is said to be KK-contractible if A is KK-equivalent to {0}, or
equivalently, if KK(A,A) = {0}.
Lemma 8.9. If B is KK-contractible, then A⊗B is KK-contractible for any nuclear C*-algebra
A.
Proof. Since B is KK-contractible, one has idB ∼KK 0B, and hence there is a continuous path
(in the strict topology) of pairs (φ+t , φ
−
t ), t ∈ [0, 1], where
φ±t : B →M(B ⊗K), t ∈ [0, 1],
are homomorphisms such that
φ+t (a)− φ−t (a) ∈ B ⊗K, t ∈ [0, 1], a ∈ B,
(φ+0 , φ
−
0 ) = (idB, 0) and (φ
+
1 , φ
−
1 ) = (0, 0).
Fix a nuclear C*-algebra A. Consider
Φ±t (a⊗ b) = a⊗ φ±t (b) ∈ A⊗M(B ⊗K) ⊂M(A⊗ B ⊗K), a ∈ A, b ∈ B, t ∈ [0, 1].
Then Φ±t (a ⊗ b), t ∈ [0, 1], are continuous paths (with the strict topology) in M(A ⊗ B ⊗ K),
and
Φ+t (a⊗ b)− Φ−t (a⊗ b) = a⊗ (φ+t (b)− φ−t (b)) ∈ A⊗B ⊗K.
Moreover, (Φ+0 ,Φ
−
0 ) = (idA⊗W , 0) and (Φ
+
1 ,Φ
−
1 ) = (0, 0). Therefore, idA⊗B ∼KK 0, and A⊗ B is
KK-contractible, as desired. 
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Proposition 8.10. Let A be a separable nuclear C*-algebra without unit which is KK-contracible.
Let L : A+ × (0, 1)→ N and N : A+ × (0, 1)→ (0,+∞) be maps.
Let F ⊂ A be a finite set, and let ε > 0. There exists n ∈ N such that for any homomorphisms
φ, ψ, σ : A→ B, where B is a C*-algebra, and σ is L-N full, there is a unitary u ∈ Mn+1(B) +
C1n+1 such that
‖u(φ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
)u∗ − ψ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
‖ < ε, a ∈ F .
Proof. Assume the statement were not true. There are (F , ε) such that for each n ∈ N, there is
a C*-algebra Bn and homomorphisms φn, ψn, σn : A→ Bn such that
max
a∈F
inf
u∈U(Mn+1(Bn)+C1n+1)
‖u(φ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
)u∗ − ψ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
‖ ≥ ε.
Consider the maps Φ, Ψ, and Σ : A → ∏Bn/⊕Bn induced by (φn), (ψn), and (σn) respec-
tively. Since σn, n = 1, 2, ..., are L-N full, the map Σ is full. Since A is separable, it follows from
Lemma 8.4 that there is a separable C*-algebra B ⊂∏Bn/⊕Bn such that
Φ(A),Ψ(A),Σ(A) ⊂ B
and the map Σ : A→ B ⊂∏Bn/⊕Bn is full.
Then it follows from Proposition 8.2 that there is k ∈ N and a unitary
U ∈ Mk+1(B) + C1k+1 ⊂ Mk+1(
∏
Bn/
⊕
Bn) + C1k+1
such that
‖U(Φ(a)⊕ Σ(a)⊕ · · · ⊕ Σ(a)︸ ︷︷ ︸
k
)U∗ −Ψ(a)⊕ Σ(a)⊕ · · · ⊕ Σ(a)︸ ︷︷ ︸
k
‖ < ε, a ∈ F .
By lifting U to a unitary (un) ∈ Mk+1(
∏
Bn) + C1k+1, one obtains a contradiction. 
Remark 8.11. If A is simple, the condition that σ is L-N -full can be replaced by σ(a) is L(a, ε)-
N(a, ε)-full for a previously fixed a.
Proposition 8.12. Let A be a separable nuclear C*-algebra without unit which is KK-contractible.
Let L : A+ × (0, 1)→ N and N : A+ × (0, 1)→ (0,+∞) be maps.
Let F ⊂ A be a finite set, and let ε > 0. There exist G ⊂ A, H ⊂ A+, δ > 0, n ∈ N such that
for any G-δ-multiplicative maps φ, ψ, σ : A→ B (where B is a C*-algebra) satisfying
σ(a) is L(a, ε)-N(a, ε) full, ε > 0, a ∈ H,
there is a unitary u ∈ Mn+1(B) + C1n+1 such that
‖u(φ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
)u∗ − ψ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
‖ < ε, a ∈ F .
Proof. Assume the statement were not true. There is a pair (F , ε) such that for any n, any
finite sets G,H ⊂ A, any constant δ, there is a C*-algebra D and G-δ-multiplicative maps φ, ψ, σ
satisfying
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(1) [φ(p)] = [ψ(p)] for all p ∈ P,
(2) σ(a) is L(a, ε)-N(a, ε)-full for any a ∈ H and ε > 0,
but
max
c∈F
‖u(φ(c)⊕ (
n⊕
σ(c)))u∗ − ψ(c)⊕ (
n⊕
σ(c))‖ ≥ ε
for any unitary u ∈ Mn+1(B).
Chose sequences
(1) G1 ⊂ G2 ⊂ · · · with
⋃∞
k=1 Gk = A,
(2) H1 ⊂ H2 ⊂ · · · with
⋃∞
k=1Hk = A+,
(3) δ1 > δ2 > · · · with limk→∞ δk = 0,
For any a ∈ A+ and any ε > 0, choose a′ ∈ ⋃Hk with
‖a− a′‖ < ε
L(a, ε)N2(a, ε)
,
and set new functions
L¯(a, ε) = L(a′, ε) and N¯(a, ε) = N(a′, ε)
Applying Proposition 8.10 to (F , ε) with respect to L¯(a, 2ε) and N¯(a, 2ε), one obtains n. Now,
fix (F , ε) and n. There are C*-algebras Bk and Gk-δk-multiplicative maps φk, ψk, σk : A → Bk
satisfying
σ(a) is L(a, ε)-N(a, ε)-full for any ε > 0 and any a ∈ Hk,
but
(8.1) max
c∈F
‖udiag{φk(c), σk(c), ..., σk(c)︸ ︷︷ ︸
n
}u∗ − diag{ψk(c), σk(c), ..., σk(c)︸ ︷︷ ︸
n
}‖ ≥ ε
for any unitary u ∈ Mn+1(Bk) + C1n+1.
Consider the homomorphisms Φ,Ψ,Σ : A → ∏Bk/⊕Bk defined by ∏∞k=1 φk, ∏∞k=1 ψk, and∏∞
k=1 σk, respectively.
Then Σ is L¯(a, 2ε)-N¯(a, 2ε)-full. Indeed, let a ∈ ⋃Hk, and assume that a ∈ H1. For any ε > 0,
and any b = (b1, b2, ...) ∈
∏
Bk with ‖b‖ ≤ 1, since σk(a), k = 1, 2, ..., are L(a, ε)-N(a, ε)-full,
there are xk,1, xk,2, ..., xk,L(a,ε) with ‖xk,i‖ ≤ N(a, ε) such that
‖bi − (xk,1σk(a)x∗k,1 + · · ·+ xk,L(a,ε)σk(a)x∗k,L(a,ε))‖ < ε.
Set xi = (xi,1, xi,2, ...), Then
‖xi‖ < N(a, ε), i = 1, 2, ..., L(a, ε)
and
‖b− (x1Σ(a)x∗1 + · · ·+ xL(a,ε)Σ(a)x∗L(a,ε))‖ < ε.
Now, let a ∈ A = ⋃Hk. Take the element a′ ∈ ⋃Hk with
‖a− a′‖ < ε
L(a, ε)N2(a, ε)
.
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Since a′ ∈ ⋃Hk, there are x1, x2, ..., xL(a′,ε) with ‖xi‖ ≤ N(a′, ε) = N¯(a, ε) such that
‖b− (x1Σ(a′)x∗1 + · · ·+ xL(a′,ε)Σ(a′)x∗L(a′,ε))‖ < ε,
and hence (note that L¯(a, ε) = L(a′, ε))
‖b− (x1Σ(a)x∗1 + · · ·+ xL(a,ε)Σ(a′)x∗L¯(a,ε))‖ < 2ε.
Then, by Proposition 8.10, there is a unitary U ∈ Mn+1(B) + C1n+1 such that
‖U(Φ(a)⊕ Σ(a)⊕ · · · ⊕ Σ(a)︸ ︷︷ ︸
n
)U∗ −Ψ(a)⊕ Σ(a)⊕ · · · ⊕ Σ(a)︸ ︷︷ ︸
n
‖ < ε, a ∈ F .
By lifting U to a unitary (un) ∈ Mn+1(
∏
Bk) + C1n+1, one obtains a contradiction. 
Remark 8.13. If A is simple, then the set H can be chosen to be a set consisting of a single point.
In the case that the algebra has strict comparison of positive elements, the fullness of an
element can be controlled by traces (Lemma 8.15).
Lemma 8.14. Let A be a C*-algebra, and let z ∈ A. Set a = zz∗ and b = z∗z. Then, for any
ε > 0, there is u ∈ A such that ‖u∗au− b‖ < ε and ‖u‖ ≤ 1.
Proof. Consider the polar decomposition z = v(z∗z)
1
2 . Then v∗av = b. Set u = vhε′(z
∗z) ∈ A,
where
hε′(t) =


1, if ε′ ≤ t ≤ 1,
linear, if ε
′
2
≤ t ≤ ε′,
0, if 0 ≤ t ≤ ε′
2
.
With ε′ sufficiently small, the element u has the desired property. 
Lemma 8.15. For any ε > 0 and δ > 0, there are L(δ) and N(ε) satisfying the following: Let A
be a C*-algebra such that all traces of A are bounded, and assume that A has strict comparison
of positive elements. Let a ∈ A+ with ‖a‖ = 1 satisfying
τ(a) > δ, τ ∈ T+(A), ‖τ‖ = 1.
Then, for any b ∈ A+ with ‖b‖ = 1, there are x1, x2, ..., xL(δ) such that
‖xi‖ ≤ N(ε), i = 1, 2, ..., L(δ)
and
‖b− (x1ax∗1 + x2ax∗2 + · · ·+ xL(δ)ax∗L(δ))‖ < ε.
Proof. For each δ, set
L(δ) = ⌈1
δ
⌉.
For each ε > 0, define
hε(t) =


1, if ε ≤ t ≤ 1,
linear, if ε
2
≤ t ≤ ε,
0, if 0 ≤ t ≤ ε
2
,
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and define
gε(t) =
hε(t)
t
, t ∈ (0, 1], and gε(0) = 0.
Then set
N(ε) = (1 +
ε
5
)
√
‖g ε
5
‖.
Then L(δ) and N(ε) has the desired property.
Indeed, let A be a C*-algebra with strict comparison of positive elements. Let a ∈ A+ with
‖a‖ = 1 satisfying
τ(a) > δ, τ ∈ T+(A), ‖τ‖ = 1.
It is then clear that
dτ ([a]) > δ, τ ∈ T+(A), ‖τ‖ = 1.
Let b ∈ A+ with ‖b‖ ≤ 1. Then dτ ([b]) < ⌈1δ⌉dτ ([a]), τ ∈ T(A). Since A has strict comparison,
one has
b  a⊕ · · · ⊕ a︸ ︷︷ ︸
⌈ 1
δ
⌉=L(δ)
= a⊕L(δ).
There is then an element z ∈ ML(δ)(A) such that
(b− ε
5
)+ = z
∗z and zz∗ ∈ ML(δ)(aAa).
Pick x ∈ ML(δ)(A) such that
(8.2) ‖zz∗ − (a⊕L(δ))xx∗(a⊕L(δ))‖ < ε
5
.
Moreover, note that x can be chosen so that
‖(a⊕L(δ))x‖ ∈ [1− 2ε
5
, 1],
hence
(8.3) ‖x∗(a⊕L(δ))h ε
5
(a⊕L(δ))(a⊕L(δ))x− x∗(a⊕L(δ))(a⊕L(δ))x‖ < ε
5
.
By Lemma 8.14, there is u1 ∈ ML(δ)(A) such that ‖u1‖ <
√
1 + ε and
(8.4) ‖u1(x∗(a⊕L(δ))(a⊕L(δ))x)u∗1 − (a⊕L(δ))xx∗(a⊕L(δ))‖ <
ε
5
.
Again by Lemma 8.14, there is u2 ∈ ML(δ)(A) such that ‖u2‖ <
√
1 + ε and
(8.5) ‖u2(zz∗)u∗2 − (b−
ε
5
)+‖ < ε
5
,
and hence (by (8.2), (8.3), (8.4), and (8.5))
‖u2u1(x∗(a⊕L(δ))h ε
5
(a⊕L(δ))(a⊕L(δ))x)u∗1u
∗
2 − b‖ < ε,
In other words, there is an element w′ ∈ ML(δ)(A) with ‖w′‖ ≤ 1 + ε such that
‖w′(h ε
5
(a⊕L(δ)))(w′)∗ − b‖ < ε.
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Note that h ε
5
(a) = g ε
5
(a)a. One has that there is w ∈ ML(δ)(A) with ‖w‖ ≤ (1 + ε)
√
‖g ε
5
‖ such
that
‖w(
L⊕
a)w∗ − b‖ < ε.
Write w = (wi,j), i, j = 1, 2, ..., L. Then
‖b−
L∑
i=1
w1,iaw
∗
1,i‖ < ε.
Since ‖w‖ ≤ (1 + ε)
√
‖g ε
5
‖, one has that
‖wi,j‖ ≤ (1 + ε)
√
‖g ε
5
‖ = N(ε), i, j = 1, 2, ..., L,
as desired. 
Corollary 8.16. Let A be a separable nuclear C*-algebra without a unit which is KK-contracible.
Let ρ : A+ \ {0} → (0,+∞) be a map.
Let F ⊂ A be a finite set, and let ε > 0. There exist G ⊂ A, H ⊂ A+, δ > 0, n ∈ N such
that for any G-δ-multiplicative maps φ, ψ, σ : A→ B, where B is a C*-algebra with all traces are
bounded and with strict comparison of positive elements, such that
τ(σ(a)) > ρ(a), a ∈ H, τ ∈ T+B, ‖τ‖ = 1,
then there is a unitary u ∈ Mn+1(B) + C1n+1 such that
‖u(φ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
)u∗ − ψ(a)⊕ σ(a)⊕ · · · ⊕ σ(a)︸ ︷︷ ︸
n
‖ < ε, a ∈ F .
Proof. The statement follows directly from Lemma 8.15 and Proposition 8.12. 
A special case of the stable uniqueness theorem is when A = B, φ = σ = id, and ψ = 0.
Corollary 8.17. Let A be a separable simple nuclear C*-algebra without a unit which is KK-
equivalent to {0}. Assume all traces of A are bounded and A has strict comparison of positive
elements.
Let F ⊂ A be a finite set, and let ε > 0. There is n ∈ N and a unitary u ∈ Mn+1(A) + C1n+1
such that
‖u(a⊕ a⊕ · · · ⊕ a︸ ︷︷ ︸
n
)u∗ − 0⊕ a⊕ · · · ⊕ a︸ ︷︷ ︸
n
‖ < ε, a ∈ F .
Proof. For any a ∈ A+ \ {0}, define ρ(a) = inf{1
2
τ(a) : τ ∈ T+A, ‖τ‖ = 1}. Since T+A has a
compact base, and A is simple, one has that ρ(a) ∈ (0,∞). Then, the statement follows from
Corollary 8.16. 
Corollary 8.18. Let A be a separable simple nuclear C*-algebra without a unit which is KK-
contractible. Assume that all traces of A are bounded. Then A⊗U ∼= A⊗Q for any UHF algebra
U .
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Proof. The statement follows from Corollary 8.17 and an approximate intertwining argument.
We only sketch the outline in the following, and leave the details to readers.
For any UHF algebra U , there are UHF algebras U1, U2 such that U ∼= U1 ⊗ U2. Since
Q ∼= U1 ⊗Q, in order to prove the statement, one may replace A by A⊗ U1, and thus one may
assume that A has strict comparison on positive elements (Corollary 4.7 of [Rør04]).
Write
Mn1(A) // Mn2(A) // · · · // A⊗ U
Mm1(A) // Mm2(A) // · · · // A⊗Q,
where the connecting maps have the form a→ a⊗ 1nk .
On applying Corollary 8.17, after a telescoping operation in each inductive limit, there is an
approximate commutative diagram
Mn1(A)
adu1 //
φ1

Mn2(A)
φ2

adu2 // · · · // A⊗ U
Mm1(A) adw1
//
ψ1
99
r
r
r
r
r
r
r
r
r
r
Mm2(A) adw2
//
ψ2
;;
✇
✇
✇
✇
✇
✇
✇
✇
✇
✇
· · · // A⊗Q,
where each of the maps φi and ψj is a 7→ 0 ⊕ a⊕ a⊕ · · · ⊕ a︸ ︷︷ ︸
k
for a sufficiently large k, and
therefore A⊗ U ∼= A⊗Q. 
Lemma 8.19. Let A be a separable simple nuclear C*-algebra which is KK-contractible, and
assume that all traces of A are bounded. Let Mp and Mq be two UHF algebras. Then, there
exist an isomorphism φ : A ⊗ Mp → A ⊗ Mp ⊗ Mq and a continuous path of unitaries ut ∈
M(A⊗Mp ⊗Mq), 1 ≤ t <∞, such that u1 = 1 and
lim
t→∞
u∗t (a⊗ r ⊗ 1q)ut = φ(a⊗ r), a ∈ A, r ∈ Mp.
Proof. It follows from Lemma 8.18 that A ⊗ Mp ∼= A ⊗ Q. Thus, it is enough to show that
there exist an isomorphism φ : A ⊗ Q → A ⊗ Q ⊗ Mq and a continuous path of unitaries
ut ∈M(A⊗Q⊗Mq), such that u1 = 1 and
lim
t→∞
u∗t (a⊗ r ⊗ 1q)ut = φ(a⊗ r), a ∈ A, r ∈ Q.
Pick any isomorphism ψ : Q→ Q⊗Mq. It is clear that φ := idA⊗ψ : A⊗Q→ A⊗Q⊗Mq is
an isomorphism. Then, the embedding map Q ∋ r 7→ r ⊗ 1q ∈ Q⊗Mq and the isomorphism ψ
are asymptotically unitarily equivalent; that is, there is a continuous part of unitary vt ∈ Q⊗Mq,
1 ≤ t <∞, such that
lim
t→∞
v∗t (r ⊗ 1p)vt = ψ(r), r ∈ Q.
One may assume that v1 = 1Q⊗Mq .
Consider the path
ut = 1A˜ ⊗ vt ∈M(A⊗Q⊗Mq).
CLASSIFICATION OF KK-CONTRACTIBLE C*-ALGEBRAS 36
Then, for any a⊗ r ∈ A⊗Q,
lim
t→∞
u∗t (a⊗ r ⊗ 1q)ut = lim
t→∞
(1A˜ ⊗ v∗t )(a⊗ r ⊗ 1q)(1A˜ ⊗ vt)
= lim
t→∞
a⊗ (v∗t (r ⊗ 1q)vt)
= a⊗ ψ(r)
= φ(a⊗ r),
as desired. 
Theorem 8.20. Let A be a separable simple nuclear C*-algebra without a unit which is KK-
contractible. Then A⊗ Z ∼= A⊗Q.
Proof. To prove the statement, it is enough to assume that A is Z-stable and to show A is
Q-stable, i.e., A ∼= A⊗Q.
Let us first prove the statement for A such that all traces of A are bounded. Write A ⊗ Z
as an inductive limit of A⊗Zp,q, where p, q are two relatively prime supernatural numbers such
that Mp⊗Mq = Q. By corollary 3.4 of [TW07], in order to show that A is Q-stable, it is enough
to show that A⊗Zp,q is Q-stable. Note that
A⊗Zp,q = {f ∈ C([0, 1], A⊗Mp ⊗Mq) : f(0) ∈ A⊗Mp ⊗ 1q, f(1) ∈ A⊗ 1p ⊗Mq}.
Applying Lemma 8.19 to both endpoints, one obtains isomorphisms
φ0 : A⊗Mp → A⊗Mp ⊗Mq, φ1 : A⊗Mq → A⊗Mp ⊗Mq,
together with a continuous path of unitaries ut ∈M(A⊗Mp⊗Mq), 0 < t < 1, such that u 1
2
= 1,
lim
t→0
u∗t (a⊗ r ⊗ 1q)ut = φ0(a⊗ r), a ∈ A, r ∈ Mp,
and
lim
t→1
u∗t (a⊗ 1p ⊗ r)ut = φ1(a⊗ r), a ∈ A, r ∈ Mq.
Define the continuous field map
Φ : A⊗Zp,q → C([0, 1], A⊗Mp ⊗Mq)
by
Φ(f)(t) = u∗tf(t)ut, t ∈ [0, 1],
where Φ(f)(0) and Φ(f)(1) are understood as φ0(f(0)) and φ1(f(1)), respectively. Then the
map Φ is an isomorphism (the inverse is Φ−1(g)(t) = utg(t)u
∗
t , t ∈ (0, 1), Φ−1(g)(0) = φ−10 (g(0)),
and Φ−1(g)(1) = φ−10 (g(1))), and hence A⊗Zp,q ∼= C([0, 1], A⊗Mp ⊗Mq). Since the trivial field
C([0, 1], A⊗Mp ⊗Mq) is Q-stable, one has that A⊗ Zp,q is Q-stable, as desired.
For a general simple C*-algebra A, pick a hereditary sub-C*-algebra B ⊂ A such that all traces
of B are bounded. By the Brown’s theorem, the C*-algebra A and the C*-algebra B are stably
isomorphic, and hence B is also KK-contractible. Since A is Z-stable, it follows from Corollary
3.2 of [TW07] that B is Z-stable. Then, by the argument above, one has that B is Q-stable,
and hence A⊗K ∼= B ⊗K is Q-stable. Using Corollary 3.2 of [TW07] again, one has that A is
Q-stable, as desired. 
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8.2. Uniqueness theorem.
Lemma 8.21 (Theorem 6 of [Rob12]). Consider C ∈ Rz. For any finite set F ⊂ C and any
ε > 0, there are finite set G ⊂ Cu(C) such that for any C*-algebra A with stable rank one and
any homomorphisms φ, ψ : C → A, if
φ(g′) ≤ ψ(g) and ψ(g′) ≤ φ(g), g′, g ∈ G with g′ ≪ g,
then there is a unitary u ∈ A˜ such that
‖u∗φ(a)u− ψ(a)‖ < ε, a ∈ F .
Corollary 8.22. Consider C ∈ Rz. Let ρ : C+ \ {0} → (0,+∞) be a map. For any finite
set F ⊂ C and any ε > 0, there are finite set H0,H1 ⊂ C+ and σ > 0 such that for any
C*-algebra A with all traces bounded and A has strict comparison of positive elements, and any
homomorphisms φ, ψ : C → A, if
(1) τ(φ(a)), τ(ψ(a)) > ρ(a), a ∈ H0, τ ∈ T+(A), ‖τ‖ = 1, and
(2) |τ(φ(a)− ψ(a))| < σ, a ∈ H1, τ ∈ T+(A), ‖τ‖ = 1,
then there is a unitary u ∈ A˜ such that
‖u∗φ(a)u− ψ(a)‖ < ε, a ∈ F .
Proof. Let G ⊂ Cu(C) be the finite subset obtained from Lemma 8.21. Write
G = {g1, g2, ..., gn}
and list {(h′i, hi) : i = 1, 2, ..., m} as the list of pairs with h′i ≪ hi. Note that since C is stably
projectionless, none of gi are from projections. Then, pick elements c
′
i, ci ∈ M∞(C), such that
c′i < ci and h
′
i < [c
′
i] < [ci] < hi,
and
dτ (h
′
i) ≤ τ(c′i) ≤ τ(ci) ≤ dτ (hi), τ ∈ T+C.
For each positive element ci − c′i, pike a positive element di ∈ C such that
0 < di < ci − c′i.
Then set
H0 = {d1, d2, ..., dm}.
and set
σ′ =
1
2
min{ρ(di) : i = 1, 2, ..., m}
Also choose a finite set H ⊂ C and σ > 0 such that if τ1, τ2 are linear functional of C with norm
at most one satisfying
|τ1(a)− τ2(a)| < σ, a ∈ H1,
then
|τ1(b)− τ2(b)| < σ′, b = c′i, ci, i = 1, 2, ..., m.
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Then, the tuple (H0,H1, σ) satisfies the conclusion of the lemma. Indeed, let A and φ, ψ :
C → A be given satisfying the assumption of the lemma. Then, for any τ ∈ T+A with ‖τ‖ = 1,
one has
τ(φ(ci))− τ(φ(c′i)) ≥ τ(φ(di)) > ρ(di) > 2σ′
τ(ψ(ci))− τ(ψ(c′i)) ≥ τ(ψ(di)) > ρ(di) > 2σ′
and
|τ(φ(c′i))− τ(ψ(c′i))| < σ′ and |τ(φ(ci))− τ(ψ(ci))| < σ′.
Therefore
dτ (ψ(h
′
i)) ≤ τ(ψ(c′i)) < τ(φ(c′i)) + σ′ < τ(φ(ci))− σ′ < τ(φ(ci)) ≤ dτ (φ(hi))
and
dτ (φ(h
′
i)) ≤ τ(φ(c′i)) < τ(ψ(c′i)) + σ′ < τ(ψ(ci))− σ′ < τ(ψ(ci)) ≤ dτ (ψ(hi)).
Since A has strict comparison, one has
ψ(h′i) < φ(hi) and φ(h
′
i) < ψ(hi), i = 1, 2, ...,
and therefore there is a unitary u ∈ A˜ such that
‖u∗φ(a)u− ψ(a)‖ < ε, a ∈ F
as desired. 
Theorem 8.23. Let A ∈ R be a simple separable C*-algebra, and let ρ : A+ \ {0} → (0,+∞) be
a function satisfying
τ(a) ≥ ρ(a), τ ∈ T+A, ‖τ‖ = 1.
Also assume that A has finite nuclear dimension and A is KK-equivalent to {0}.
Then, for any finite set F ⊂ A ⊗ 1Q and any ε > 0, there are finite sets G ⊂ A,H0,H1 ⊂
(A⊗Q)+ and δ, σ > 0 such that if φ : A→ A is a G-δ-multiplicative linear contraction such that
(1) τ((φ⊗ id)(a)) ≥ ρ(a), a ∈ H0, τ ∈ T+(A⊗Q), ‖τ‖ = 1,
(2) |τ((φ⊗ id)(a))− τ(a)| < σ, a ∈ H1, τ ∈ T+(A⊗Q), ‖τ‖ = 1,
then there is a unitary u ∈ A˜⊗Q such that
‖u∗(φ(a)⊗ 1Q)u− a⊗ 1Q‖ < ε, a ∈ F .
Proof. Applying Corollary 8.16 to F and ε/2 with respect to A and 1
2
ρ, one obtains (G0, δ0), H,
and n.
Applying Theorem 7.7, for arbitrary ε′ > 0, there are projections q, p1, p2, ..., pn ∈ A˜⊗Q and
S1 ⊂ p1(A⊗Q)p1 with S1 ∈ R0 such that
(1) q + p1 + p2 + · · ·+ pn = 1A˜⊗Q, q is Murray-von Neumann equivalent to pi, i = 1, 2, ..., n,
(2) ‖pia− api‖ < ε′, a ∈ F ∪ G ∪H,
(3) piapi ∈ε′ Si := viSv∗i , a ∈ F ∪ G ∪ H, where vi ∈ A˜ ⊗ Q, i = 1, 2, ..., n, are the partial
isometries satisfying v∗i vi = p1 and viv
∗
i = pi.
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One then choose ε′ sufficiently small so that
(8.6) ‖a− (qaq + p1ap1 + p2ap2 + · · ·+ pnapn)‖ < ε
8
, a ∈ F ,
the maps a 7→ qaq and a 7→ piapi, i = 1, 2, ..., n, are G0-δ0-multiplicative, and
(8.7) τ(piapi) >
1
2
ρ(a), a ∈ H, τ ∈ T+(pi(A⊗Q)pi), ‖τ‖ = 1.
Applying Corollary 8.22 to piFpi and ε8 > 0 (again, with ε′ sufficiently small, let us assume
that piFpi ⊂ Si) with respect to 12ρ and Si, one obtains H0,i,H1,i ⊂ Si ⊂ A⊗Q and σ0 > 0. Set
H0 =
⋃n
i=1H0,i and H1 =
⋃n
i=1H1,i.
Choose a finite set G ⊂ A sufficiently large and δ > 0 sufficiently small that if φ : A → A
is G-δ-multiplicative, then there is Φ˜ : A˜ ⊗ Q → A˜ ⊗ Q such that the restriction of Φ˜ to the
(n+ 1)× (n+ 1) matrix algebra generated by q, p1, p2, ..., pn is a homomorphism, and
‖(φ˜⊗ id)(a)− Φ˜(a)‖ < ε′′′, a ∈ H0 ∪ H1 ∪
n⋃
i=1
piFpi,
where
ε′′′ = min{ 1
24
ε,
1
4
σ0,
1
4
ρ(h) : h ∈ H0}.
Moreover, the map a 7→ Φ˜(q(a⊗ 1)q) is G0-δ0-multiplicative.
Then (G, δ), H0, H1, and σ = 12σ0 satisfy the theorem.
Indeed, if φ : A → A is a G-δ-multiplicative contractive map satisfying the conditions of the
theorem, then
(8.8) τ((φ⊗ id)(a)) ≥ ρ(a), a ∈ H0, τ ∈ T+(A⊗Q), ‖τ‖ = 1,
and
(8.9) ‖τ(φ(a))− τ(a)‖ < σ, a ∈ H1, τ ∈ T+(A⊗Q), ‖τ‖ = 1.
Denote by φ˜ : A˜ → A˜ the unitization of φ, and consider the map φ˜ ⊗ id : A˜ ⊗ Q → A˜ ⊗ Q.
Since φ is G-δ-multiplicative, there is Φ˜ : A˜ ⊗ Q → A˜⊗ Q such that the restriction of Φ˜ to the
(n+ 1)× (n+ 1) matrix algebra generated by q, p1, p2, ..., pn is a homomorphism, and
(8.10) ‖(φ˜⊗ id)(a)− Φ˜(a)‖ < ε′′′, a ∈ H0 ∪ H1 ∪
n⋃
i=1
piFpi.
Moreover, the map a 7→ Φ˜(q(a⊗ 1)q) is G0-δ0-multiplicative. Note that
[Φ˜(q)] = [(φ˜⊗ id)(q)] = [q] and [Φ˜(pi)] = [(φ˜⊗ id)(pi)] = [pi], i = 1, 2, ..., n.
Since A˜⊗Q has stable rank one, there is a unitary u0 ∈ A˜⊗Q such that
u∗0Φ˜(q)u0 = q and u
∗
0Φ˜(pi)u0 = pi, i = 1, 2, ..., n,
and hence the image of pi(A⊗ Q)pi (or q(A⊗ Q)q) under the map u∗0Φ˜u0 is inside pi(A⊗ Q)pi
(or q(A⊗Q)q).
Note that by (8.10), for any a ∈ H0,i ∪ H1,i ∪ piFpi,
(8.11) pi(u
∗
0(φ⊗ id)(a)u0)pi ≈ε′′′ pi(u∗0Φ˜(a)u0)pi = u∗0Φ˜(a)u0 ≈ε′′′ u∗0(φ⊗ id)(a)u0.
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Consider the map
Si ∋ a 7→ piu∗0(φ⊗ id)(a)u0pi ∈ pi(A⊗Q)pi.
By (8.8), (8.9), and (8.11),
τ(piu
∗
0(φ⊗ id)(a)u0pi) ≥
1
2
ρ(a), a ∈ H0,i, τ ∈ T+(pi(A⊗Q)pi), ‖τ‖ = 1,
and
‖τ(piu∗0(φ⊗ id)(a)u0pi)− τ(a)‖ < σ0, a ∈ H1,i, τ ∈ T+(pi(A⊗Q)pi), ‖τ‖ = 1.
It then follows from Corollary 8.22 (with ψ being the embedding map Si ⊂ piApi) that there is
a unitary u1,i ∈ pi(A˜⊗Q)pi such that
‖u∗1,ipiu∗0((φ⊗ id)(a))u0piu1,i − a‖ <
ε
8
, a ∈ piFpi,
and hence by (8.11), one has
(8.12) ‖u∗1,iu∗0((φ⊗ id)(a))u0u1,i − a‖ <
ε
8
+ 2ε′′′, a ∈ piFpi.
Put
u1 = q ⊕ u1,i ⊕ · · · ⊕ u1,n.
One has that for any a ∈ F ,
u∗1u
∗
0((φ⊗ id)(a))u0u1
≈ ε
8
u∗1u
∗
0((φ⊗ id)(q(a⊗ 1Q)q +
n∑
i=1
pi(a⊗ 1Q)pi))u0u1 (by (8.6))
= u∗1u
∗
0((φ⊗ id)(q(a⊗ 1Q)q))u0u1 +
n∑
i=1
u∗1u
∗
0(φ⊗ id(pi(a⊗ 1Q)pi))u0u1
≈ ε
8
+2ε′′′ u
∗
0((φ⊗ id)(q(a⊗ 1Q)q))u0 +
n∑
i=1
pi(a⊗ 1Q)pi (by (8.12))
≈ε′′′ u∗0(Φ˜(q(a⊗ 1Q)q))u0 +
n∑
i=1
pi(a⊗ 1Q)pi, (by (8.10)).
Thus,
(8.13) ‖u∗1u∗0((φ⊗ id)(a))u0u1 − (φ0(a) + p1ap1 + · · ·+ pnapn)‖ <
ε
4
+ 3ε′′′, a ∈ F ,
where
φ0 : A ∋ a 7→ u∗0Φ˜(q(a⊗ 1Q)q)u0 ∈ q(A⊗Q)q.
Note that ((8.7))
τ(piapi) ≥ 1
2
ρ(a), a ∈ H, τ ∈ T+(piApi), ‖τ‖ = 1,
and the maps a 7→ piapi, a 7→ qaq, and φ0 are G0-δ0-multiplicative; then, compare the maps
A ∋ a 7→ φ0(a) + p1ap1 + · · ·+ pnapn ∈ A⊗Q ∼= Mn+1(q(A⊗Q)q)
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and
A ∋ a 7→ qaq + p1ap1 + · · ·+ pnapn ∈ A⊗Q ∼= Mn+1(q(A⊗Q)q).
By Corollary 8.16, there is a unitary u2 ∈ A˜⊗Q such that
(8.14) ‖u∗2(φ0(a) + p1ap1 + · · ·+ pnapn)u2 − (qaq + p1ap1 + · · ·+ pnapn)‖ < ε/2, a ∈ F .
Hence, by (8.14), (8.13), (8.6), one has
‖u∗2u∗1u∗0((φ(a)⊗ 1Q)u0u1u2 − a⊗ 1Q‖ <
7
8
ε+ 3ε′′′ ≤ ε, a ∈ F ,
as desired. 
Note that any isomorphism Q→ Q⊗Q is approximately unitarily equivalent to the embedding
Q ∋ a 7→ a ⊗ 1 ∈ Q ⊗ Q. Also note that for any simple C*-algebra in the reduction class, one
always can define
ρ : A+ ∋ a 7→ min{τ(a) : τ ∈ T+A, ‖τ‖ = 1} ∈ (0,+∞),
and it satisfies
τ(a) ≥ ρ(a), τ ∈ T+A, ‖τ‖ = 1.
So, one may remove the density function ρ from the statement of Theorem 8.23:
Theorem 8.24. Let A ∈ R be a simple separable C*-algebra. Assume that A has finite nuclear
dimension, A is KK-equivalent to {0}, and A ∼= A⊗Q.
Then, for any finite set F ⊂ A⊗Q and any ε > 0, there are finite sets G ⊂ A⊗Q,H ⊂ (A⊗Q)+
and δ, σ > 0 such that if φ : A⊗Q→ A⊗Q is a G-δ-multiplicative linear contraction such that
|τ(φ(a))− τ(a)| < σ, a ∈ H, τ ∈ T+(A⊗Q), ‖τ‖ = 1,
then there is a unitary u ∈ A˜⊗Q such that
‖u∗φ(a)u− a‖ < ε, a ∈ F .
8.3. Classification theorem.
Theorem 8.25. Let A,B ∈ R be simple separable KK-contractible C*-algebra with finite nuclear
dimension. Suppose that
ξ : (T+B,∆B)→ (T+A,∆A),
where ∆B and ∆A are simplexes of tracial states of B and A, respectively. Then, one has that
A ∼= B, and the C*-algebra isomorphism can be chosen to carry the invariant isomorphism.
Proof. Since A, B have finite nuclear dimension, one has that A ∼= A⊗ Z and B ∼= B ⊗ Z. By
Theorem 8.20, A ∼= A⊗Q and B ∼= B ⊗Q, where Q is the universal UHF algebra.
Pick increasing sequences of finite sets FA,1 ⊂ FA,2 ⊂ · · · ⊂ A and FB,1 ⊂ FB,2 ⊂ · · · ⊂ B
with dense unions; pick ε1 > ε2 > · · · > 0 with
∑
εn = 1.
Apply Theorem 8.24 to A with respect to FA,1 and ε1, one obtains GA1 ,HA,1, δA,1, σA,1 > 0.
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By Corollary 7.9, A ∈ TARz , there is a Razak algebra S ⊂ A and θ1 : A → S which is
GA,1-δA,1-multiplicative map such that
|τ(θ(a))− τ(a)| < σA,1
2
, a ∈ HA,1, τ ∈ T+A, ‖τ‖ = 1.
Consider the Cuntz group map [ξ] ◦ [ι] : Cu(S) → Cu(B), where ι : S → A is the embedding
map. Since B has stable rank one, there is a homomorphism φ′1 : S → B such that
[φ′1] = [ξ] ◦ [ι].
Therefore,
τ(φ′1(a)) = ξ(τ)(a), a ∈ S, τ ∈ T+B,
and hence
τ(φ′1(θ(a))) = ξ(τ)(θ(a)) ≈σA,1
2
ξ(τ)(a), a ∈ HA,1, τ ∈ T+B, ‖τ‖ = 1.
Denote by φ1 = φ
′
1 ◦ θ : A→ B, and one has
(8.15) |τ(φ1(a))− ξ(τ)(a)| < σA,1
2
, a ∈ HA,1, τ ∈ T+B, ‖τ‖ = 1.
Consider the C*-algebra B. Applying Theorem 8.24 to B with respect to FB,1 and ε1, one
obtains GB,1, HB,1, δB,1 > 0 and σB,1 > 0.
Since B ∈ TARz, with (8.15), the same argument as above produces a completely positive
contraction ψ1 : B → A such that ψ1 is GB,1-δB,1-multiplicative, ψ1◦φ1 is GA,1-δA,1-multiplicative,
(8.16) |τ(ψ1 ◦ φ1(a))− τ(a)| < σA,1, a ∈ HA,1, τ ∈ T+A, ‖τ‖ = 1,
and
(8.17) |τ(ψ1(a))− ξ−1(τ)(a)| < σB,1
2
, a ∈ HB,1, τ ∈ T+A, ‖τ‖ = 1.
By (8.16), it following from Theorem 8.24 that there is a unitary u ∈ A˜⊗Q such that
‖u∗ψ1(φ1(a))u− a‖ < ε1, a ∈ FA,1.
Replace ψ1 by ad(u) ◦ ψ1 : B → A, one has that
‖ψ1(φ1(a))− a‖ < ε1, a ∈ FA,1;
that is, the following diagram commute up to ε1 on FA,1:
A
φ1

A
B
ψ1
??
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
.
Applying Theorem 8.24 again to A on FA,2 and ε2, one obtains GA,2,HA,2, δA,2, σA,2 > 0.
Using the fact that A ∈ TARz again and with (8.17), one obtains a completely positive
contraction φ2 : A→ B such that ψ2 is GA,2-δA,2-multiplicative, φ2◦ψ1 is GB,1-δB,1-multiplicative,
(8.18) |τ(φ2 ◦ ψ1(a))− τ(a)| < σB,1, a ∈ HB,1, τ ∈ T+B, ‖τ‖ = 1,
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and
|τ(ψ2(a))− ξ(τ)(a)| < σA,2
2
, a ∈ HA,2, τ ∈ T+B, ‖τ‖ = 1.
By (8.18), it following from Theorem 8.24 that there is a unitary w ∈ B˜ ⊗Q such that
‖w∗φ2(ψ1(a))w − a‖ < ε1, a ∈ FB,1.
Replace φ2 by ad(w) ◦ φ2 : A→ B, one has that
‖φ2(ψ1(a))− a‖ < ε1, a ∈ FB,1.
Thus, we have the following approximate commutative diagram:
A
φ1

A
φ2

B
ψ1
>>
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
B
.
Repeat this procedure, one has the diagram
A
φ1

A
φ2

A
φ3

· · · A
B
ψ1
>>
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
B
ψ2
>>
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
B
ψ3
>>
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
· · · B
such that
‖ψn(φn(a))− a‖ < εn, a ∈ FA,n,
and
‖φn+1(ψn(a))− a‖ < εn, a ∈ FC,n,
and hence A ∼= B, as desired. 
Theorem 8.26. The class of simple separable KK-contractible C*-algebras with finite nuclear
dimension is classifiable. If T+A 6= {0}, the invariant is (T+A,ΣA), and in this case, any a such
C*-algebra A a simple inductive limits of Razak algebras.
If T+A = {0}, then the invariant is the Murray-von Neumann semigroup together with the
class of the projections of the algebra.
Proof. If T+A = {0}, then A is purely infinite. It follows from the classification of Kirchberg
and Phillips that A is stably isomorphic to O2 and is classified by the Murray-von Neumann
semigroup together with the class of the projections of the algebra.
Assume T+A 6= {0}. Let A,B be two such C*-algebras satisfying
(T+A,ΣA) ∼= (T+B,ΣB).
Consider A ⊗ K and B ⊗ K, and note that the embeddings A → A ⊗ K and B → B ⊗ K
induce homeomorphisms T+(A⊗K) ∼= T+A and T+(B⊗K) ∼= T+B respectively. Thus, one has
that T+(A⊗K) ∼= T+(B ⊗K) ∼= C for a topological cone C with a base ∆ which is a compact
metrizable Choquet simplex.
Consider the continuous affine function which is constant 1 on ∆, and denote hA ∈ A ⊗ K
and hB ∈ B ⊗K the positive elements which the Cuntz semigroup class is the given continuous
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affine function, respectively. Then one has that hA(A⊗K)hA ∈ R and hB(B ⊗K)hB ∈ R, and
hA(A⊗K)hA ∈ R and hB(B ⊗K)hB ∈ R has the same Elliott invariants; hence, by Theorem
8.25, hA(A⊗K)hA ∼= hB(B ⊗K)hB, and by Brown’s Theorem, A⊗K ∼= B ⊗K.
Thus, one may identify A = aDa and B = bDb where D a stable C*-algebra (with stable rank
one). Since ΣA ∼= ΣB, one has that
‖τ |A‖ = ‖τ |B‖, τ ∈ T+D.
On the other hand,
‖τ |A‖ = dτ (a) and ‖τ |B‖ = dτ (b).
Therefore
dτ (a) = dτ (b), τ ∈ T+D,
and hence [a] = [b] ∈ Cu(D). Since D has stable rank one, it follows from Theorem 3 of [CEI08]
that A ∼= B.
It follows from [Tsa05] that the class of simple inductive limit of Razak algebras exhausts all
possible values of the invariant. Thus, the class of simple, separable, finite nuclear dimension,
KK-contractible, finite C*-algebras coincides with the class of simple inductive limits of Razak
algebras. 
Remark 8.27. The invariants of Theorem 8.26 in the finite case and infinite case to the semigroup
can be unifies as
(V(A) \ {0}) ⊔ LAffT+A,
where V(A) is the Murray-von Neumann semigroup, LAffT+A is the semigroup of positive lower
semicontinuous affine functions on T+A arising from the Cuntz semigroup of A, together with
the class of the algebra in it. If T+A 6= {0}, then this invariant is isomorphic to the Cuntz
semigroup of A together with the class of the algebra (assuming A is simple, separable, nuclear,
and Jiang-Su stable); if T+A = {0}, then this invariant is the Murray-von Neumann semigroup
together with the class of the projections of the algebra.
Corollary 8.28. Let A,B be simple separable KK-contractible C*-algebras with finite nuclear
dimension. If there is a homomorphism ξ : (T+B,ΣB)→ (T+A,ΣA), then there is a C*-algebra
homomorphism φ : A ∼= B such that φ∗ = ξ.
Proof. This follows from the classification of Razak algebras ([Raz02]). 
Consider the C*-algebra W, the simple inductive limit of Razak algebras with
(T+W,ΣW) ∼= ([0,+∞), [0, 1]).
Corollary 8.29. Let A be a simple separable C*-algebra such that A ⊗ Z has finite nuclear
dimension. Then the C*-algebra A⊗W is classifiable. In particular, W ⊗W ∼=W.
Proof. By Lemma 8.9, A⊗W is KK-contractible. Note that
A⊗W ∼= A⊗ (Z ⊗W) ∼= (A⊗ Z)⊗W.
Then A⊗W has finite nuclear dimension, and the corollary follows from Theorem 8.26. 
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